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ABSTRACT. Starting with the operator introduced in [3] and using quadratures
with positive coefficients and a certain degree of exactness we construct positive
linear operators of discrete type which preserve ey and e;, j > 1. We give
conditions on the degree of exactness of the quadratures such that the new operators
preserve properties of the original operator, such as the convergence, the degree of
approximation, the asymptotic formula.
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1 Introduction and preliminaries

Let n,j € N, n > j+ 1. In [3] we constructed the following integral
operator

7j—1
(1.1) Dnjf(@) = £(0)> pop(@) + f(1)pn(x)
k=0

1
0

n—1
(1.2) H00=9) Y (@) [ Py (DO, @ € 0.1),
b=y

where
pusta) = ()1 = ot

and f is an integrable function on [0, 1].

The operator D, ; preserves the function ey and e;, where e;(x) = xt
Other operators with the same property were presented in [1], [5], [6] (see also
[7], [4] for the operators which preserve a function 7 with certain properties).

The following properties of the operator D,, ; are proved in [3].

For all f € C|0, 1] the sequence (D, j)n>j+1 converges to the function f.
We have the following estimation:

| Dnj f () = f(z)] <

i 1-7)2-7)0—-2)?+2nz(1 —2) y
<1+52< (n—j+1)(n—j+2) )> (£,9),

where z € [0,1], § > 0 and w(f,-) is the modulus of continuity, i.e.,

w(f,0) =sup{|f(z+h)— f(h)]: z,z+he]0,1], 0 <h <d}.

If f has a second derivative at a point x € (0, 1), then we have the asymptotic
formula

lim n (D ;(f)(x) = f(2)) = (1 = j)1 = 2)f'(z) + 2(1 - 2) f"(x).

n—oo

If f € C?|0,1], then the limit is uniform on [a,b] C (0,1).
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We observe that the operator D, ; given by (1.1) uses some integrals as
information about the approximated function. In practice it is hard to obtain
these integrals. It is known that the Riemann integrals can be approximated
by quadrature formulas. In [2] we constructed discrete positive linear
operators associated with Durrmeyer operator using quadrature formulas
with positive coefficients. In this paper we use the same technique. In order
to get discrete operators which fix the function ep and e; we use quadrature
formulas with degree of exactness at least j. Such quadratures are Gauss
and Fejer-Clenshaw-Curtis quadratures. We study the uniform convergence
of these operators. We give an estimation for the approximation error and
a Voronovskaya theorem. As the discrete operators preserve the moments
of the original operator up to a given order we get the same results for the
new operators as in the case of the operator D, ;. Some examples are given
in the last section.

2 Main result

Using the quadratures

1
Q1) (=) [ paegoraes 00t~ S AR F(E), k= = 1,

=0

with positive coefficients, i.e. Al";f’;’j >0,1=0,....m, k=7j,....,n—1, we get
the associated discrete operator

n.j, mf ank )pn,k(x)

n—1
+3 pai(z) ZA”'“’”f( ), w€0,1], feC0,1].
-

=0

The operator D,, j ., uses the values of the function f in the nodes tffl’j as
information about the approximated function. Discrete operators associated
with some positive operators using a probabilistic approach were obtained
in [9].
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The remainder terms of the quadratures (2.1) are given by
k ! Ny k
Ry jm(f) = (n—j)/o Pn—j—1,k—; () f(t)di— ZA” TR, k=g n—1,
=0
If the quadrature formulas have the degree of exactness r, i.e.
REa(ei) = 0,i=0,..,r
Rﬁ,j,m(er-f—l) # 0

then the associated discrete operator has the same images of the monomials
e;, t = 0,...,7 as the original operator, i.e.

D'nﬂjvm(ei) = Dn,j(€i>, 1=0,..,7.

Theorem 2.1 If the quadratures (2.1) have the degree of exactness at least
two, then the sequence (Dy jm(f))n>j converges uniformly to the function
f, for every f € C|0,1].

Proof. We have
(22) Dnyjym(ei) = Dn,j(ei), 1= O, 1, 2.

Taking into account the uniform convergence of the operator D,, ; on the
test functions e;, i = 0,1,2 and using the well known Korovkin theorem we
get the conclusion. m

Theorem 2.2 If the quadratures (2.1) have the degree of exactness at least
two, then we have the estimation

(2'3) ‘Dn,j,mf(x) - f(l’)’ <

i 1-7)2-7)0—-2)?+2nz(1 —2) y
<1+52< (n—j+1)(n—j+2) )) (£,9),

for every f € C|0,1], where z € [0,1] and 6 > 0.

The proof follows by applying the Shisha Mond result from [8] and by
using (2.2).
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Theorem 2.3 If f € C[0,1] has a second derivative at a point x € (0,1)
the quadratures (2.1) have the degree of exactness at least four, then we have

(24) lm n(Dpjm(f)(z) = f(2) = (1= 7)1 = 2)f'(x) + 2(1 — ) f"(z).

n—oo

Moreover, if f € C?|0,1], then the limit is uniform on [a,b] C (0,1).

Proof. We have
Dn,j,m(ei) = Dn,j(ei)a 1= 0, veey 4.

Following the proof of Theorem 6 from [3] we get the conclusion. ®

3 Examples

In order to obtain the discrete operators we approximate the integrals

1 .
/ =i — kL fydt, k=g, ..,n—1.
0

Using the substitution ¢ = (1 4+ u)/2 we get

1 1 . 1
on—j /1(1+“)k3(1—U)”’“1f< ;u> du, k=j,...,n— 1.

(3.1)

Example 3.1 To approzimate the integrals from (3.1) we can use the Gauss
Jacobi quadratures

1 m
(3.2) / 1+ w1 = 1wl (u)dum Y Bimg(um).

-1 1=0

Taking

a:k_ja ﬂ:n_k_L g(u)_f<1—'2_u>7
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the quadrature formulas (3.2) become, for k=j,...,n-1,

/_ (1+u)f 71 —u) 1y <¥> du =~ ZBZ;:’jf (Tl .

1

The nodes u, ;n”, [=0,...m, k=74, ..,n—1 are the roots of the Jacobi
orthogonal polynomml of degree m+1:

(k=jn—k=1)/ \ _ 1 1 amt! 2 1ym+l _
Jm+1 (u) - 2m+1(m+ 1)' p(U) dum+1 [p(u)(u 1) ] , U € ( 17 1)7
where

plu) = (1+ w3 (1 — s,
Using [10, Th. 11.5.3], we get the coefficients

kg _
B, =

,m

2 om4n—j+ 1) (m+k— )l (m+n—k—1)
. k—jmn—k—1 , k—jn—k—1
(m+ Dlm + = U @) L I W)

lym ™

l,m
forl=0,...mand k=j,...n—1.
The associated discrete operator is
DS, f(x) ank fV)pn i ()

- m ’I’L,k‘,j

n-— ] 1 n,k,j L+ ul,m

2"]ank < k—j )ZBZ,mf< 9 ’
=0

where x € [0,1] and f € C[0,1].
We have
DS ei = Dyjei, i=0,..,2m + 1.

n,J,m
By using Theorem 2.1, Theorem 2.2 and Theorem 2.3, it follows that:
e if m > (j — 1)/2, then the operator DS fives the function e;,

n,j,m
e if m > 1, then the sequence (DS

n7j7mf)n21 converges uniformly to the
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function f, for every f € C[0,1],

e if m > 1, then we get the estimation of the approximation error for
the operator DS given by (2.3),

n?]’m

GJ
n7j7m

e if m > 2, then we get the asymptotic formula for the operator D
given by (2.4).

Example 3.2 We take

and we use the Gauss Legendre quadratures

1 m
(33) / gn,k(u)du ~ Z Bl,mgn,k(ul,m)a k= j7 sy 0 — 1.
-1 1=0

The discrete operator is

(3.4)
7j—1 . .n—1 s
D0 =0) Y posls) + FUpas(a) + 52 S puat) ("7 )
k=0 k=j
X ; Bl,m(1 + ul,m)k_j(l - ul,m)n_k_lf <1+%> )

where x € [0,1] and f € C[0,1]. The nodes uyy,, | =0, ...,m are roots of the
Legendre orthogonal polynomial

1 dm+l m—+1
Lan1 () = G G £ 11 =)™

and the coefficients are given by (see [10, Th. 11.6.2])

2
(Do) s ()]

Im = 5 l= O, ceey .
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We have

DGk ei=Dyjei, i=0,...2m —n+j+2.

It follows that:

e if m > (n—2)/2, then the operator Dgim fizes the function e;,

e if m>(n—7j)/2, then the sequence (DTC[:]L',mf)nzl converges uniformly
to the function f, for every f € C0,1],

e ifm > (n—7j)/2, then we get the estimation of the approximation error
for the operator ngym given by (2.3),

e ifm > (n—7)/2+ 1, then we get the asymptotic formula for the
operator Dg’ﬁm given by (2.4).
Example 3.3 We approxzimate the integral from (3.1) using some practical
quadratures Fejer-Clenshaw-Curtis. These quadratures are of the form (3.3).
From [10, Prop. 9.5.6] we have

m even

_1

m2?
(36) Bl,m = Bmfl,m =
, [

(2j+1)lm
1 1 sin ~=——— .
=T m—1.
msin I > <1—4j2+1—4(j+1)2> 2% +1 17

m  j=0

The nodes are given by (see also [10, p. 108])
(3.7) ULy = COS —Tr, I=0,m.
m

The associated discrete operator D,i ?nc has the form (3.4) with By,
given by (3.5) and (3.6) and w,, from (3.7).
We have
DFCC’

n?.]im

ei =Dy je;, i=0,....m—n+j+1.
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It follows that:
e if m >n — 1, then the operator Digg fizes the function e;,
DFC’C

n7‘77m

e ifm>n—j+1, then the sequence (
to the function f, for every f € C[0,1],

e ifm>n—j+1, then we get the estimation of the approximation error
for the operator Digg given by (2.3),

o if m>n—j+ 3, then we get the asymptotic formula for the operator
DEJCTC); given by (2.4).

f)n>1 converges uniformly
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