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Estimations of the norm of some linear operators

involved in product quadrature formulas
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ABSTRACT. Two-sided estimations involving linear operators related to some
product quadrature formulas of interpolatory type on Jacobi nodes are provided,
in order to point out convergence theorems or the double superdense unbounded

divergence concerning these formulas.
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1 Introduction

Let (C, ||-||) be the Banach space of all continuous functions f : [—1,1] —
R endowed with the supremum norm || - ||, and let P, be the space of
all algebraic polynomials of degree at most n. Denote by (L1, || - 1) the

Banach space of all measurable functions (equivalence classes of functions,
with respect to the equality p-a.e., where u is the Lebesgue measure on
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1
(~1,1), normed by gy = [ [g(o)ldr. Analogously, (Lo - ) is the
1

Banach space of all functions ¢ : [-1,1] — R so that g is p-a.e. bounded
on [—1,1] and ||g||cc = esssuplg|. Given a nonnegative function p € Lo, so
that p(z) > 0 p-a.e. on [—1, 1], the notation (Lgl/p), l| - Hgl/p)) stands for the
Banach space of all measurable functions g : [—1,1] — R for which g/p € L;

and [|g]"” = |lg/pl1, [5], [9].

Further, for each node matrix M = {zg, : n > 1, 1 < k < n} with
—1 < zpp <Tp—1p < ... < T2, <21, <1, we denote by L, f € P,—1 and
A t [—1,1] — [1,00), n > 1, the Lagrange polyomials and the Lebesgue
functions associated to M, respectively, namely

n

k

1 k=1

where lg,, n > 1, 1 < k < n, are the fundamental polynomials of Lagrange.

In this paper, we consider the product quadrature formulas (p.q.f.)
(1.1) I(f;9) = In(f; 9) + Ra(f; 9); n >0,

where T: X x L) R, I, : X x L) - R,
1 1

12 1) = [ g@i@ds Lifi9) = | g@)(Laf)ia)da
-1 -1

and (X, -]lx), X C C, is a Banach space containing all the polynomials.

Throughout this paper, we suppose that the p.qf. (1.1) are of
interpolatory type, namely

(1.3) I.(Pyg) = I(P;g), ¥V P € Pp_y and g € L), n > 0.

We associate to the p.q.f. (1.1) the linear continuous operators

(1.4) T, : X — (L) (T, 0)(g) = In(f1g), n >0
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and
(1.5) T:X — (LM (Tf)(g) = I(f;9),

where Y* is the space of all linear continuous functionals defined on some
normed space Y and I,,, I are defined by (1.2).

The convergence of the p.q.f. (1.1) of interpolatory type was intensively
studied for X = C and various functions g € L; and node matrices M, see

(21, [4], [5], [7], 9]

In accordance with [9], the convergence of the p.q.f. (1.1) for X = C
is equivalent to the boundedness of the set of norms {||Z,|| : » > 1}. The
aim of this paper is precisely to provide estimations for the norms of the
operators Z, and, consequently, to point out convergence and unbounded
divergence results concerning p.q.f. (1.1) of interpolatory type for Jacobi
node matrices. We will examine two situations regarding the Banach space
(X, ||l x): first, the classic space (C, ||-||), and second, the space (C*, ||-[|1)),
where C is the set of all continuously differentiable functions f : [-1,1] — R

and |[fllqy = Il + 171l £ € C.

In the following sections, we suppose that the node matrix M is the
Jacobi node matrix M(@#  with o > —1, § > —1. Explicitly, denoting
by PT(LQ’B), n > 0, the Jacobi polynomials, the nodes of the n-th row of
M(@B) are the roots x,(ci’m of P}La’ﬁ), with a:,(ca”g) = cos 6,(;1’5), 0 < 0P <

n n 1,n

05%’6) <... < 9%”6 ) < m; for the sake of simplicity, we use the notations xy,

and 6, instead of :L‘I(C(Zﬁ ) and 9,(;2”6 ), respectively; also, we set xg, = 1 and

Ln+ln = —1.

Finally, we specify some notations to be used in this paper. The notation
[a] stands for the largest integer n with n < a, a € R. Also, we denote by
m, M, My, k > 1, some generic positive constants which are independent of
any positive integer n and we write a,, ~ b,, if the sequences of real numbers
(an) and (b,) satisfy the conditions b, # 0 and 0 < m < |a,/b,| < M,
Vn>1.
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2 Product quadrature formulas involving
continuous functions

In this section, we examine the p.q.f. (1.1) of interpolatory type for
X = C. As we remarked in the introductory section, according to [9, (2.10)],
the following characterization is valid:

(2.1) hm[(f g9)=1(f;9), V feC, VgEL(/p)@)hmsupHI | < oo.

n—oo

Therefore, we begin by estimating the norm of the operators Z,,. Using
standard arguments and the Theorem of Riész concerning the representation
of linear continuous functionals, we derive (see also [5] and [9]) the following
formula:

(2.2) |1 Znl| = sup{llp- Lufllo = f€C, [IfI <1}, n>0.
Now, we present a lower estimation involving the norm of Z,,.
Lemma 2.1 Let n be a positive integer and suppose p € C, p(0) # 0.
1°. If B — a & 2Z, then ||Z,|| > M Inn.
2°. If B — o € 4Z, then ||Zay|| > M Inn.
3°. If B — a € 47 + 2, then ||Zap+1|| > M Inn.
Proof. Let us define f,, € C by

sgnlpn(0), fx=aky, 0<k<n+1
fu(z) =

linear; otherwise

If follows from (2.2)

I1Zall > lpLnfulloo = pO)(Ln fn)(0)] = p(0 Z |Ljn (0)
so that

(2:3) IZall = p(0)|P{*? (0 \Z{kan\ DY (wrn) [}
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Further, the relations

@ 1 [e% n - O].
PP = =V - os T 1 21
and
(@8) ()] — 1 atbr| . B—a O()
|Poy 11 (0)] = Ton T 1) (\/§> (=1)"" " sin 1 + ” ’

follow from [10, Th. 8.21.13] and they lead to:

(2.4) 1P (0)] ~ 1/v/m, i B~ a ¢ AZ 4 2

(2.5) 1P 0)] ~ 1/v/n, if B~ o ¢ AZ.

In order to estimate the roots x, = cosfi,, 1 < k < n, of Pr(ba’ﬁ), we use

1

the estimations 0y, = — (k7 + O(1)), [10, formula (8.9.2)], which lead to the
n

existence of an integer s > 0 so that

Hkn<g, f1<k< [g] —sand@knzg, if [g} —s+1<k<n,
for sufficient large n. Applying [6, Lemma 2|, which states that

| — Tgp| ~ n72]m2 — kQ\, if 10 <@ < 2y and k & {m, m + 1},

n
we get for m = [5] —sandz =0
1 /mn n

(2.6) xan—([—}—s—k},1§k§H—s—1.
Also, the estimation
(2.7) (P (2gn)| ~ E=O73/20042 i 0 < O, < g [10]

will be used in what follows.
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Now, we examine the following situations.
First situation. Suppose § — a ¢ 47 + 2. Combining the relations (2.3),
(2.4), (2.6) and (2.7), we obtain via Cauchy’s inequality:

1 et Lo+3/2

n
NG Z n—s—k not?
n—s—1 1
>M —— 1/2 OL+3/2
o ( Z n—s—k

| Zonl| = My - —=

k=1
> Myn~ "2y — 5 — 1) 21n(n — s)
_s—1 a+5/2
> Mo <&> In(n — s),
n

e. || Zan|| > M3 lnn, for sufficient large n.
Second situation. Suppose §—« ¢ 47Z. Similarly to the first situation, we
get from (2.3), (2.5), (2.6), (2.7) and Cauchy’s inequality, ||Zop+1| > M4lnn,
for sufficient large n.

Finally, the assertions of this theorem follow, remarking that the
hypothesis  — o & 27 of 1° means that both the first and the second
situations hold; similarly 2° implies the first situation and 3° implies the
second one.

Remark 2.1 The estimations of Lemma 2.1 show that limsup ||Z,| = oo,

n—oo

for each a« > =1 and B > —1, if p € C and p(0) # 0. However, the
conditions p € C and p(0) # 0, which hold in the classic examples, are not
essential for the unboundedness of the set {||Z,|| : n > 1}. Indeed, since
p(x) >0 p-a.e. on[—1,1], there exists zg € (—1,1) so that p(zg) > 0 and we
derive from (2.2), || Zn| > p(z0)An(zo). Neat, using [10, (14.4.7)], a strictly
increasing sequence (jn) of positive integers exists so that \j,(xo) ~ In jy,

which implies limsup ||Z,,|| = co. We remark that the estimations of Lemma
n—oo
2.1 are more accurate.

Now, the assertion (2.1) and Remark 2.1 show the impossibility of the

convergence of p.q.f. (1.1) for all f € C and g € Lgl/p), if « > —1 and
B > —1 are given arbitrarily.
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In fact, these quadrature formulas are unboundedly divergent on large
subsets of C' and Lgl/ L ), in topological sense, and this divergence holds
for arbitrary polynomial projection operators L, instead of Lagrange
projections L, (namely £, : C — P,_1 so that L, f = f if and only if
f € Pn—1) and arbitrary weight functions p € L., such that p is nonnegative
and p(x) > 0 p-a.e. on [—1,1], as follows.

Theorem 2.1 [5] There exists a superdense set Xq in the Banach space
Lgl/p) such that for every g in Xo, the subset of C' consisting of all functions
f for which the product quadrature formulas (1.1) of interpolatory type are

unboundedly divergent, namely
= OO}

1
/ 9(2)(Lnf)(@)da

Yo(g) = {f € C: limsup
1

n—oo

s superdense in the Banach space C.

We recall that a subset S of a topological space T is said to be superdense
in T, if it is residual (i.e. its complement is of first Baire category),
uncountable and dense in T

Further, in order to obtain convergence results, we will derive upper
estimations for ||Z,||. Firstly, we remark that

(2.8) (@) (Ln f)(2)] = p(x)

> F(@rn)lkn(@)
k=1

< llpllcAn @) I 2| <1, feC.
Let ¢ = max{a, $}. The relations
1
O(In(2+4+nb)), 0 <z =cosh <1, a < —3

An(z) = AL
O(lnn + |P*P(z)|\/n), 0<z <1, a> -3

max{[P@9) (2)] |z < 1} ~nf, if ¢ > —%, 0],
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and
Pl (2) = (=1)" PP (—z), |z <1, [10],

combined with (2.8), give:

1
|Zall < MsInn, if g < 3
(2.9)

1 for n sufficient large.
|1 Zn| < Mgn™1/2, if ¢ > -5

Denote by w(f;9) the modulus of continuity of a function f € C and let
Lipy, 0 < v <1, be the set of all functions f € C satisfying the inequality
w(f;9) < MéY, 0 <0 < 2. Now, we can state the following convergence
result.

Theorem 2.2 The product quadrature formulas (1.1) of interpolatory type
are convergent for each g € Lgl/p) in the following situations:
1
1°. ¢ < —3 and f € C satisfies a Dini-Lipschitz condition

g%w(f;5)1n5 =0.

1
2°. q > —3 and f € C satisfies the condition w(f;d) € o(§911/2).

11 1
3°. q€ <—§,§>,f€Lipfy andq+§<’y§1.

Proof. Let us estimate the errors R,(f;g) of p.qf. (1.1). We get, for
arbitrary f € C and P € P,_1:

Ru(£39)] = (I — D)(f = P; )| = |(Tn — T)(f — P)(9)|
<|\Zw = 2| - 1If = P - 119l 7,

ie.
(2.10)  [Ra(£59)| < 191N Zall + lplloo)lf = Pll; P € Puei, f€C.

Denoting by E,_1(f) = dist(f;Pp—1) = inf{||f — P||: P € Pp_1}, f€C,
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1
we get, using (2.9), (2.10) and the inequality E,_1(f) < Mw <f; E)’ 8]:

1 . 1

Mrllplloe + o (1) 1617, it <~

Rulf.0)] < 1 1
1 .

Ms(llloe + 18420 (752 ) 117, it > 3,

for sufficient large n, which completes the proof.

3 Product quadrature formulas involving
continuously differentiable functions

In this section, we consider the p.q.f. (1.1) of interpolatory type for
1 1

X = C*. Using (2.9), (2.10) and the inequality E,_1(f) < M - —w (f’; —>,
n n

[8], we obtain:
1 1 1
My (142 Yoo (12 ) 1l it < -
n n 2

|Ru(f;9)] < . .
Mip(1+n12)w (f’; ﬁ) nggl/p)y ifg>—7,

2

for feCl, ge Lgl/ ?) and sufficient large n. Therefore, we can state the
following convergence result.

Theorem 3.1 The product quadrature formulas (1.1) of interpolatory type

are convergent for each g € Lgl/p) in the following situations:

1
1°. ¢ < ~5 and f € O
1
2°. ¢ > —3 and f € C* satisfies the relation w(f';6) = o(6971/?),

13 , . 1
°. - = <<
3 q€< 2,2>,f € Lipy and q 2<’y_
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Now, it is obvious that an unbounded divergence result, similar to that
stated by Theorem 2.1, fails for X = C' and arbitrary o« > —1, § > —1.

However, if ¢ > =, then the double superdense unbounded divergence of

p.q.f. (1.1) can occur, as we will show in the next statement, for a particular
choice of the weight function p.

Theorem 3.2 Suppose that p(z) = (1 — 2)%(1 + 2)°, z € [-1,1], a > 0,
1

b>0, and a > 5 + 2a or B > 5 + 2b. Then, there exists a superdense set

Xy in the Banach space Lgl/p) such that for every g in Xo the subset of C*

consisting of all functions for which the p.q.f. (1.1) of interpolatory type are
unboundedly divergent, i.e.
= OO} s

Proof. For the sake of simplicity, in this proof we set zy, 0, instead of
Tkn,Opn and lg,, respectively. The norm of corresponding operator Z, :

cl — <L§1/p)>* is given by:

n—oo

vilg) = {1 € ¢+ s [ )L e

is superdense in the Banach space C".

(3.1) IZnll = sup{llpLnfllc : f€CY Iflay <1} n >0,
which is a similar formula to (2.2). Let us define h,, € C! as follows:
hp(x) = -1, if x1 <2 < 1;

hp(x) = (=1)"n, if —1<z<xy;

hn () = i(—l)’“rl {2 + (6k +3) <#)3 (w Capt :L‘k+1>

Tk — Tk+1 2

1 op 4 2hin ) Tp — Tp1 )
X | = (o - 22— - 25 ,
3 2 2

faoppp<z<ap,1<k<n—-1,n>2
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k
In order to estimate |hyl|(1), we notice that Oy — O ~ —, sinfy ~ —,
n n

and 0 ~ 0y if 0, < 0 < 6y1, [7], which implies

0 _
b1 = Ok o Okt Oki1 K
2 2 n?

T — Tk41 = 2sin
Now, standard calculations give:
max{|hn(z)|: zp <z <xp41} =k +1,

max{|h, (z)] : zp <@ < apyr} < Min?,

hence ||y (1) < Mizn®. Denoting

B 1
- M12n2

fn hi,

we obtain from (3.1):

(3.2) 1Zoll = llpLn fll-

Next, using [10, formula (8.21.18)] for 0 = E, ¢ >0, we get:
n

(3.3) PT(La’ﬁ) (cos %) = \/% (sin %)_a_lﬂ (cos in>_ﬁ_1/2 Gy

where

2 1 1 -1
Cn=cos [ c— ot 7T+a+ﬁ+ c +O(1)<nsin£) .
4 2n n

It exists ¢ > 0 with |(,| > Mi3 > 0 for sufficient large n, so that combining
c c
(3.3) and the relations sin o~ n~t, cos 5~ 1, we derive:

n n

(3.4) ‘PT(LO‘”B) (cos E) ’ > Myyn~?, for sufficient large n.
n

a a
p (cos£> > <1 — COSE) = (2 sin? i) ,
n n 2n

Further,
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therefore

(3.5) p (cos E) ~n72%

Now, the relations (2.6), (2.7), (3.2), (3.3), (3.4) and (3.5) give:

IZell > p (c0s 5= ) | (Lanfon) (c0s 5- )|

2n
2n
=p (cos %) ; fon (k) (cos %)‘
n—s—1 . .
> Mysn 2072 ; kn® ‘cos o~ cos Hk‘ got3/2p—a—2

> Mign=20"2(n — 5 — 1)°+3/2,
ie.
(3.6) | Zan|| = Mizn®~Y2720 for sufficient large n,

taking into account that
c 0
cos — — cosf| < 1 — cosb = 2sin? 7B} ~ k22
2n 2

Similarly to (3.6), using classic arguments, we obtain:
(3.7) | Zang1]| = nP~Y272% for sufficient large n.

The inequalities (3.6) and (3.7) show that the set of norms {||Z,| : n > 1}
1 1

is unbounded, if a > 3 + 2a or B > 3 + 2b. Applying the principle of

condensation of singularities [3, Theorem 5.4] and the principle of double

condensation of singularities [3, Theorem 5.2], in a similar manner to [5,
Theorem 2.1], we complete the proof.
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