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Abstract. In this paper we shall extend the result of B. Samet, C. Vetro and

P. Vetro [12], J.Hasanzade, S. Rezapour and N. Shazad [1] and some results from
papers [5], [11], [12], [13] about α− ψ-contractive and α-Geraghty contractions for
single-valued and multi-valued mappings (see [14]). The aim of this paper is to
modify further the notions of α − ψ-contractive, α-Geraghty contraction type and
α-admissible mappings and establish fixed point theorems for such mappings in
complete metric spaces.
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1 Introduction

In 1973, Geraghty [3] give a generalization of the contraction principle,
by introducing an interesting class of auxiliary functions α : R+ → [0, 1)
with the property:
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If α(tn)→ 1,then tn → 0(as n→ +∞).
Recently B. Samet, C. Vetro, P. Vetro [12] introduced the class of α −

ψ-contractive type mappings and proved some new fixed point theorems.
More recently E. Karapinar and B. Samet [6] generalize the above results
for the class of α− ψ-contractive mappings of Ćirić type.

In 2014, N. Hussain, M.A. Kutbi and P. Salimi [5] gave some fixed point
theorems for α − ψ-contractive mappings satisfying a rational contractive
condition. An application to integral equations is also proved.

The purpose of this paper is to prove some fixed point theorems for
multivalued α−ψ-contractive mappings satisfying some rational contractive
assumptions.

We need to recall some notions (see [2], [10]) and auxiliary results.

Definition 1.1 Let Ψ be the family of functions ψ : [0,+∞) → [0,+∞)
satisfying the following conditions:

i) ψ is nondecreasing;
ii)
∑+∞

n=1 ψ
n(t) <∞ for all t > 0, where ψn(t) is the nth iterate of ψ.

These functions are known in the literature as a strong comparison
function. It is easily to see that if ψ is a strong comparison function, then
ψ(t) < t for any t > 0.

Definition 1.2 ([12])Let (X, d) be a metric space, T : X → X and α : X ×
X → [0,+∞). We say that T is α-admissible if x, y ∈ X, α(x, y) ≥ 1 ⇒
α(Tx, Ty) ≥ 1.

Definition 1.3 ([12]) Let (X, d) be a complete metric space and T : X → X
be a given mapping. We say that T is an α−ψ-contractive mapping if there
exists two functions α : X ×X → [0,+∞) and ψ ∈ Ψ such that

α(x, y)d(Tx, Ty) ≤ ψ(d(x, y)) for all x, y ∈ X.

The main result of the paper(see [12]) is the following theorem.
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Theorem 1.1 ([12]) Let (X, d) be a complete metric space and T : X → X
be an α− ψ-contractive mapping. Suppose that:

i) T is admissible;
ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1;
iii) T is continuous.
Then, T has a fixed point that is, there exists x∗ ∈ X such that Tx∗ = x∗.

In 2012 J. Hasanzade, S. Rezapour and N. Shahzad results [4] introduced
for the first time the notion of α∗ − ψ-contractive multivalued mappings.

Definition 1.4 ([4]) If (X, d) be a metric space, and A,B ∈ P (X), then
α∗(A,B) : = inf{α(a, b) : a ∈ A, b ∈ B}. Let T : X → P (X), we say that T
is α∗-admissible whenever α(x, y) ≥ 1 implies α∗(Tx, Ty) ≥ 1.

Definition 1.5 ([4]) Let (X, d) be a complete metric space, T : X → Pcl(X)
be a closed multi-valued mapping, ψ ∈ Ψ and α : X × X → [0,∞) be a
function. We say that T is an α∗ − ψ-contractive multi-valued mapping
whenever

α∗(Tx, Ty)H(Tx, Ty) ≤ ψ(d(x, y))

for x, y ∈ X.

In 2012, E. Karapinar, B. Samet [6] introduced the concept of triangular
α-admissible mappings, and after that many papers related to this subject
appeared. One of this papers is Ovidiu Popescu [9], which appeared in 2014,
where the main result of it is based on the following concept.

Definition 1.6 An α-admissible map T is said to be triangular α-admissible
if

i) x, y ∈ X, α(x, y) ≥ 1⇒ α(Tx, Ty) ≥ 1;

ii) x, y, z ∈ X,α(x, z) ≥ 1 and α(z, y) ≥ 1⇒ α(x, y) ≥ 1.
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Remark 1.1 Let T : X → X be a triangular α−admissible map. Assume
that there exists x0 ∈ X such that α(x0, Tx0) ≥ 1. If we define a sequence
{xn} by xn+1 ∈ Txn, then we have α(xn, Txm) ≥ 1 for all m,n ∈ N with
n < m.

Definition 1.7 We denote F the family of all functions β : [0,∞) → [0, 1)
which satisfies the condition: lim

n→∞
β(tn) = 1 implies lim

n→∞
tn = 0.

Definition 1.8 Let (X, d) be a complete metric space, and let α : X×X →
R be a function. A map T : X → P (X) is called a generalized α-Geraghty
contraction type map if there exists β ∈ F such that for all x, y ∈ X

α(x, y)d(Tx, Ty) ≤ β(M(x, y)) ·M(x, y),

where

M(x, y) : = max{d(x, y),
d(y, Ty)[1 + d(x, Tx)]

1 + d(x, y)
}·

.

Lemma 1.1 Let q > 1 A, B ∈ P (X). Then for each a ∈ A there exists
b ∈ B such that d(a, b) ≤ qH(A,B).

If Y is a nonempty subset of X and T : Y → P (X) is a multivalued
operator, then by definition, an element x ∈ Y is said to be:

(i) a fixed point of T if and only if x ∈ T (x);
(ii) a strict fixed point of T if and only if x = T (x).
We will denote by FT the fixed point set for T and by SFT the strict

fixed point set of T .
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2 Generalized α− ψ-contractive mappings

In the first part of the paper we will extend J. Hasanzade, S. Rezapour
and N. Shahzad results [4], for the case of α − ψ-contractive multi-valued
mapping, by using a weaker contractive condition (see [8]).

Theorem 2.1 Let (X, d) be a complete metric space and T : X → Pcl(X)
be multi-valued mapping. Suppose that there exists α : X × X → R and
ψ : R+ → R+ such that:

i) the inequality holds

α∗(x, y)H(Tx, Ty) ≤ ad(x, y) + b
D(y, Ty)[1 +D(x, Tx)]

1 + d(x, y)

where a, b > 0 with a+ b < 1;
ii) T is α∗-admissible;
iii)There exists x0 ∈ X and x1 ∈ Tx0 such that α(x0, x1) ≥ 1;
iv) if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n ∈ N

and xn → x, then α(xn, x) ≥ 1 for all n ∈ N.
v) T is continuous.
Then T has a fixed point.

Proof. If x0 = x1 then we have nothing to prove. So let x0 6= x1. If
x1 ∈ Tx0, and consider 1 < q < 1

a+b then by Lemma 1.1, there exists
x2 ∈ Tx1 with 0 < d(x1, x2) ≤ qH(Tx0, Tx1), and if we use that T is
α∗-admissible we get

0 < d(x1, x2) ≤ qα∗(Tx0, Tx1)H(Tx0, Tx1)

≤ q

[

ad(x0, x1) + b
D(x1, Tx1)[1 +D(x0, Tx0)]

1 + d(x0, x1)

]

Since x1 ∈ Tx0, then we have

0 < d(x1, x2) ≤ q

[

ad(x0, x1) + b
d(x1, x2)[1 + d(x0, x1)]

1 + d(x0, x1)

]

≤ q[ad(x0, x1) + bd(x1, x2)]
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Hence, we obtain d(x1, x2)(1− q · b) ≤ q · a · d(x0, x1) and so

d(x1, x2) ≤
qa

1− qb
d(x0, x1).

We notice that qa
1−q·b := β < 1.

If x2 ∈ Tx2, then x2 is a fixed point of T . Assume that x2 6= Tx2 and
q > 1, then

0 < d(x2, x3) ≤ qα∗(Tx1, Tx2)H(Tx1, Tx2)

≤ q

[

ad(x1, x2) + b
D(x2, Tx2)[1 +D(x1, Tx1)]

1 + d(x1, x2)

]

Since x2 ∈ Tx1, then we have

0 < d(x2, x3) ≤ q

[

ad(x1, x2) + b
d(x2, x3)[1 + d(x1, x2)]

1 + d(x1, x2)

]

≤ q[ad(x1, x2) + bd(x2, x3)]

So we have

d(x2, x3) ≤
qa

1− qb
d(x1, x2) ≤

(
qa

1− qb

)2

d(x0, x1) = β2d(x0, x1).

By the same procedure we obtain a sequence {xn} ∈ X such that xn ∈
Txn−1, xn 6= xn−1, α(xn, xn+1) ≥ 1 and d(xn, xn+1) ≤ βnd(x0, x1) for all
n ∈ N.

Then, for each n < m we have

d(xn, xm) ≤ d(xn−1, xn) + ...+ d(xm−1, xm) ≤ (βn + ...+ βm−1)d(x0, x1)

≤
βn

1− β
d(x0, x1)→ 0 as n,m→∞.

and so {xn} is a Cauchy sequence in X. Hence there exists x∗ ∈ X such
that xn → x∗. Since α(xn, x∗) ≥ 1 for all n and T is α∗-admissible,
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α∗(Txn, Tx∗) ≥ 1 for all n, thus

D(x∗, Tx∗) = inf
y∈Tx∗

d(x∗, y)

≤ d(x∗, xn+1) + inf
y∈Tx∗

d(xn+1, y)

≤ d(x∗, xn+1) + α∗(Txn, Tx
∗)H(Txn, Tx

∗)

≤ d(x∗, xn+1) + ad(xn, x
∗) + b ·

D(x∗, Tx∗)[1 +D(xn, Txn)]
1 + d(xn, x∗)

≤ d(x∗, xn+1) + ad(xn, x
∗) + b ·

D(x∗, Tx∗)[1 + d(xn, xn+1)]
1 + d(xn, x∗)

→ bD(x∗, Tx∗).

Hence D(x∗, Tx∗) = 0 and so x∗ ∈ FT .

Remark 2.1 Under similar assumptions as in Theorem 2.1, we can obtain
a similar result for the case of single-valued mappings.

Corollary 2.1 Let (X, d) be a complete metric space and T : X → X be an
α−ψ-contractive mapping. Suppose that there exists α : X×X → R+, such
that

i) the inequality α(x, y)d(Tx, Ty) ≤ ad(x, y)+bd(y,Ty)[1+d(x,Tx)]
1+d(x,y) holds for

all x, y ∈ X;
ii) T is α-admissible;
iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1;
iv) T is continuous
Then, T has a fixed point x∗ ∈ X.

Our next result is based on the concept of α−ψ-contractive type mapping
( see B. Samet, C. Vetro, P. Vetro [12]), but we use here a contractive
condition of rational type.
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Theorem 2.2 Let (X, d) be a complete metric space and T : X → X be
α − ψ-contractive single-valued mapping. Suppose that there exists α : X ×
X → R and ψ : R+ → R+ be an increasing map such that:

i) the inequality holds

α(x, y)d(Tx, Ty) ≤ ψ

(

max{d(x, y),
d(y, Ty)[1 + d(x, Tx)]

1 + d(x, y)
}

)

;

ii) T is α-admissible;

iii)There exists x0 ∈ X and x1 ∈ Tx0 such that α(x0, x1) ≥ 1;

iv) T is continuous.

Then, T has a fixed point x∗ ∈ X.

Proof. Let x0 ∈ X and x1 = Tx0 such that α(x0, Tx0) ≤ 1. If x0 = x1,
than the proof is finished.

Suppose that x0 6= x1.Then we have

d(x1, Tx1) ≤ α(x0, x1)d(Tx0, Tx1)

≤ ψ

(

max{d(x0, x1),
d(x1, Tx1)[1 + d(x0, Tx0)]

1 + d(x0, x1)
}

)

= ψ

(

max{d(x0, x1),
d(x1, Tx1)[1 + d(x0, x1)]

1 + d(x0, x1)
}

)

= ψ(max{d(x0, x1), d(x1, Tx1)})

If max{d(x0, x1), d(x1, Tx1)} = d(x1, Tx1),

then d(x1, Tx1) ≤ ψ(d(x1, Tx1)). So we get that d(x1, Tx1) = 0, which is
a contradiction. Hence, we get that d(x1, Tx1) ≤ ψ(d(x0, x1)). If x1 = Tx1,
then x1 ∈ FT . Let x1 6= Tx1 and q > 1. Then

0 < d(x1, Tx1) < qψ(d(x0, x1)).

Choose t0 = d(x0, x1). Then t0 > 0 and d(x1, Tx1) < qψ(t0). Hence
there exists x2 = Tx1 such that d(x1, x2) < qψ(t0) and so ψ(d(x1, x2)) <
ψ(qψ(t0)). It is clear that x2 6= x1. Put q1 = ψ(qψ(t0))

ψ(d(x1,x2) . Then q1 > 1 and
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we have

d(x2, Tx2) ≤ α(x1, x2)d(Tx1, Tx2)

≤ ψ

(

max{d(x1, x2),
d(x2, Tx2)[1 + d(x1, Tx1)]

1 + d(x1, x2)
}

)

= ψ

(

max{d(x1, x2),
d(x2, Tx2)[1 + d(x1, x2)]

1 + d(x1, x2)
}

)

= ψ(max{d(x1, x2), d(x2, Tx2)})

By the same procedure we choose max{d(x1, x2), d(x2, Tx2)} = d(x1, x2)
and we get d(x2, Tx2) ≤ ψ(d(x1, x2)).

If x2 = Tx2, then we have x2 ∈ FT . Let x2 6= Tx2. So we get
0 < d(x2, Tx2) < q1ψ(d(x1, x2)). Hence there exists x3 = Tx2 such that
d(x2, x3) < q1ψ(d(x1, x2)) = ψ(qψ(t0)). So it is clear that x2 6= x3 and

ψ(d(x2, x3)) < ψ2(qψ(t0)). Choose q2 = ψ2(qψ(t0))
ψ(d(x2,x3)) . Then q2 > 1 and we

have

d(x3, Tx3) ≤ α(x2, x3)d(Tx2, Tx3) ≤

≤ ψ

(

max{d(x2, x3),
d(x3, Tx3)[1 + d(x2, Tx2)]

1 + d(x2, x3)
}

)

= ψ

(

max{d(x2, x3),
d(x3, Tx3)[1 + d(x2, x3)]

1 + d(x2, x3)
}

)

= ψ(max{d(x2, x3), d(x3, Tx3)})

If we continue by the same procedure we obtain a sequence {xn} ∈ X such
that xn = Txn−1, xn 6= xn−1 and d(xn, xn+1) < ψn−1(qψ(t0)). Let m > n.
Then

ψ(d(xn, xm)) ≤
m−1∑

i=n

ψi−1(qψ(t0))



68 Fixed points theorems of generalized α− ψ-contractive type operators

and this proves that {xn} is a Cauchy sequence. Hence there exists
x∗ ∈ X such as xn → x∗. We know that T is continuous, then

d(x∗, Tx∗) = lim
n→∞

d(xn+1, Tx
∗) = lim

n→∞
d(Txn, Tx

∗) = 0.

So we get that x∗ ∈ FT .

Using this assumptions we can build an example which verifies the
Theorem 2.2.

Example 2.1 Let X = [0,∞) be endowed with the metric d, with d(x, y) =
|x− y|. Let T : X → X be a single-valued map

Tx =

{
x2

4 , if x ∈ [0, 1]
x, if x ∈ (1,∞)

and

α(x, y) =

{
1, if x, y ∈ [0, 1]
0, otherwise

If we denote ψ(t) = t
2 for all t ≥ 0 we can check if T is α−ψ-contractive

mapping. It is obvious that for all x, y ∈ X, T is an α − ψ-contractive
mapping and T is α-admissible. So T has at least one fixed point.

Our next result is related to paper [13]. We introduce a new contraction
condition (see paper [7] Theorem 2.3)in order to get a new improvement of
the results given there for the case of generalized contraction mappings.

Theorem 2.3 Let (X, d) be a complete metric space and T : X → X be a
single-valued mapping such that

ψ(d(Tx, Ty)) ≤ φ

(
αd(y, Ty)[1 + d(x, Tx)]

1 + d(x, y)
+ βd(x, y)

)

where α, β > 0 with α + β < 1 and ψ, φ : [0,∞)→ [0,∞) are two functions
with the following conditions:
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i) ψ(a) ≤ φ(b)⇒ a ≤ b;

ii) T is continuous.

Then T has a fixed point and for any given x0 ∈ X, the iterative sequence
Tnx0 converges to this fixed point.

Proof. Let x0 ∈ X and x1 = Tx0 be arbitrary chosen. If d(Tx0, Tx1) = 0,
then Tx0 = Tx1. This proves that x1 ∈ FT .

Consider xn := Txn−1 for all n.
Suppose that d(Tx0, Tx1) 6= 0. Notice that d(x1, x2) = d(Tx0, Tx1). If

d(x1, x2) = 0 then x2 ∈ FT . Suppose that d(x1, x2) 6= 0. So we have

ψ(d(x1, x2)) = ψ(d(Tx0, Tx1))

≤ φ

(
αd(x1, Tx1)[1 + d(x0, Tx0)]

1 + d(x0, x1)
+ βd(x0, x1)

)

≤ φ

(
αd(x1, x2)[1 + d(x0, x1)]

1 + d(x0, x1)
+ βd(x0, x1)

)

≤ φ(αd(x1, x2) + βd(x0, x1)).

Using i) we have d(x1, x2) ≤ αd(x1, x2) + βd(x0, x1).
So d(x1, x2) ≤ β

1−αd(x0, x1).

By induction we get that d(xn+1, xn) ≤
(

β
1−α

)n
d(x0, x1).

Notice that r = β
1−α < 1.

Moreover, for n < m, we have

d(xn, xm) ≤ d(xn−1, xn) + ...+ d(xm−1, xm)

≤ (rn + ...+ rm−1)d(x0, x1)

≤
rn

1− r
d(x0, x1)→ 0 as n,m→∞. (∗)

Therefore {xn} is a Cauchy sequence. Since (X, d) is a complete space, there
exists z ∈ X such that xn → x∗ as n → ∞. From the continuity of T , it
follows that xn+1 = Txn → Tx∗, n→∞. By uniqueness of the limit, we get
x∗ = Tx∗, that is x∗ ∈ FT .
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Example 2.2 Let X be endowed with the metric d : X × X → [0,∞) and
T : X → X be a single-valued mapping,

Tx =






2, if x ∈ [1, 2]
5
2 , if x ∈ (2, 3)
1, otherwise

It is easy to verify that this example verify Theorem 2.3 for α = 1
9 , β = 7

8 .
We can choose ψ(t) = 1

t and φ(t) = t with t ∈ [1,+∞), so all the conditions
will be verified for this values. Then T has many fixed points, such as 2, 5

2 .

The next fixed point theorem is an extension of Theorem 2.2 from [12],
by using a weakly contractive condition.

Theorem 2.4 Let (X, d) be a complete metric space, α : X × X → X be
a function, and T : X → X be a single-valued mapping. Suppose that the
following conditions take place

i) T is a generalized α-Geraghty contraction type;

ii) T is triangular α−admissible;

iii) There exists x0 ∈ X such that α(x0, Tx0) ≥ 1.

Then T has a fixed point.

Proof. Let x0 ∈ X such that α(x0, Tx0) ≥ 1. Define {xn} by xn+1 = Txn
for all n ∈ N. If xn = xn+1, than the proof is finished.

Suppose that xn 6= xn+1. Since T is triangular α-admissible then we
have

α(x1, x2) ≥ 1 and α(x1, x3) ≥ 1.

Due to Remark 1.1 we have

α(xn, xn+1) ≥ 1 and α(xn, xn+2) ≥ 1
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for all n ∈ N.
Notice that α(xn, xn+m) ≥ 1 for all m,n ∈ N. Now we have to prove

that lim
n→∞

d(xn, xn+1) = 0.

Using Definition 1.1 and from condition ii) we get

d(x1, x2) ≤ α(x0, x1)d(Tx0, Tx1)

≤ β(M(x0, x1))M(x0, x1)

≤ β

(

max{d(x0, x1),
d(x1, Tx1)[1 + d(x0, Tx0)]

1 + d(x0, x1)
}

)

×max{d(x0, x1),
d(x1, Tx1)[1 + d(x0, Tx0)]

1 + d(x0, x1)
}

≤ β(max{d(x0, x1), d(x1, x2)}) ·max{d(x0, x1), d(x1, x2)}

If max{d(x0, x1), d(x1, x2)} = d(x1, x2), then we will have a contradiction
because of the definition of β.

So max{d(x0, x1), d(x1, x2)} = d(x0, x1). Thus we conclude

d(x1, x2) ≤ β(d(x0, x1)) · d(x0, x1) < d(x0, x1) (1)

If d(Tx1, Tx2) = 0 then x2 ∈ FT .
Suppose that d(Tx1, Tx2) 6= 0, then

d(x2, x3) ≤ α(x1, x2)d(Tx1, Tx2)

≤ β(M(x1, x2))M(x1, x2)

≤ β

(

max{d(x1, x2),
d(x2, Tx2)[1 + d(x1, Tx1)]

1 + d(x1, x2)
}

)

×max{d(x1, x2),
d(x2, Tx2)[1 + d(x1, Tx1)]

1 + d(x1, x2)
}

≤ β(max{d(x1, x2), d(x2, x3)}) ·max{d(x1, x2), d(x2, x3)}

For case 1 we choose max{d(x1, x2), d(x2, x3)} = d(x2, x3), which is a
contradiction.
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So max{d(x1, x2), d(x2, x3)} = d(x1, x2). From here we can conclude
that

d(x2, x3) ≤ β(d(x1, x2)) · d(x1, x2) < d(x1, x2) (2)

By induction we have

d(xn, xn+1) < β(d(xn−1, xn)) · d(xn−1, xn) < d(xn−1, xn) (3)

Therefore the sequence {d(xn−1, xn)} is a positive and nonincreasing
sequence. Hence, there exists r ≥ 0 such that limn→∞ d(xn−1, xn) = r.
Suppose that r 6= 0, then we have

d(xn, xn+1)
d(xn−1, xn)

≤ β(d(xn−1, xn)) < 1

This implies that limn→∞ β(d(xn−1, xn)) = 1. But β ∈ F which implies
d(xn−1, xn) = 0. Hence this is a contradiction, so r = 0.

Suppose that {xn} is not a Cauchy sequence. Then there exists ε > 0
such that, for all k ≥ 1, there exists mk > nk > k with d(xnk , xmk−1) ≥ ε.
Let mk be the smallest number satisfying the conditions above. Hence, we
have d(xnk , xmk−1) < ε. Therefore, we get

ε ≤ d(xnk , xmk−1) + d(xmk−1, xmk) < ε+ d(xmk−1, xmk).

Letting k →∞, we get lim
k→∞

d(xnk , xmk) = ε. Since

|d(xnk , xmk−1)− d(xnk , xmk)| ≤ d(xmk , xmk−1)

we obtain lim
k→∞

d(xnk , xmk−1) = ε.

By the same procedure we obtain

lim
k→∞

d(xmk , xnk−1) = lim
k→∞

d(xmk−1, xnk−1) = ε.
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Using Remark 1.1 we get d(xmk−1, xnk−1) ≥ 1. This yields to

d(xnk , xmk) = d(Txnk−1, Txmk−1)

≤ α(xnk−1, xmk−1)d(Txnk−1, Txmk−1)

≤ β(M(xnk−1, xmk−1)) ·M(xnk−1, xmk−1)

where

M(xnk−1, xmk−1) =

= max{d(xnk−1, xmk−1),
d(xmk−1, Txmk−1)[1 + d(xnk−1, Txnk−1)]

1 + d(xnk−1, xmk−1)
}

= max{d(xnk−1, xmk−1), d(xmk−1, xmk)}.

We can see that lim
k→∞

M(xnk−1, xmk−1) = ε.

Hence, we get

d(xnk , xmk)
M(xnk−1, xmk−1)

≤ β(M(xnk−1, xmk−1)).

Letting k →∞, we get lim
k→∞

β(M(xnk−1, xmk−1)) = 1. By the definition

of β ∈ F we have lim
k→∞

M(xnk−1, xmk−1) = 0. Hence, ε = 0, which is a

contradiction.

Therefore {xn} is a Cauchy sequence. Since (X, d) is a complete metric
space we get that lim

n→∞
xn = x∗.

So we have

d(xn+1, Tx
∗) ≤ d(Txn, Tx

∗)

≤ α(xn, x
∗)d(Txn, Tx

∗)

< β(M(xn, x
∗)) ·M(xn, x

∗) (4)
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We know that

M(xn, x
∗) = max{d(xn, x

∗),
d(x∗, Tx∗)[1 + d(xn, Txn)]

1 + d(xn, x∗)
}

= max{d(xn, x
∗),

d(x∗, Tx∗)[1 + d(xn, xn+1)]
1 + d(xn, x∗)

}

But xn+1 = Txn and lim
n→∞

xn = x∗, then we get

M(xn, x
∗) = d(x∗, Tx∗).

Introducing this in (4) then we will have

d(xn+1, Tx
∗) ≤ β(d(x∗, Tx∗)) · d(x∗, Tx∗).

Suppose that d(x∗, Tx∗) > 0. From M(xn, x∗) = d(x∗, Tx∗) we get that
M(xn, x∗) > 0, which implies β(M(xn, x∗)) < M(xn, x∗).

Letting xn → x∗, then we will have d(x∗, Tx∗) < d(x∗, Tx∗), which is a
contradiction. So we obtain d(x∗, Tx∗) = 0, which proves that x∗ ∈ FT .
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theorems for α-Geraghty contraction type maps in metric spaces , Fixed
Point Theory and Applications, (2013).

[15] Yongfu Su and Jen-Chih Yao, Further generalized contraction mapping
principle and best proximity theorem in metric spaces, to appear.


