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ABSTRACT. In this paper we shall extend the result of B. Samet, C. Vetro and

P. Vetro [12], J.Hasanzade, S. Rezapour and N. Shazad [1] and some results from
papers [5], [11], [12], [13] about « — t-contractive and a-Geraghty contractions for
single-valued and multi-valued mappings (see [14]). The aim of this paper is to
modify further the notions of a — -contractive, a-Geraghty contraction type and
a-admissible mappings and establish fixed point theorems for such mappings in
complete metric spaces.
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1 Introduction

In 1973, Geraghty [3] give a generalization of the contraction principle,
by introducing an interesting class of auxiliary functions a: Ry — [0,1)
with the property:
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If a(ty,) — 1,then ¢, — 0(as n — +00).

Recently B. Samet, C. Vetro, P. Vetro [12] introduced the class of o —
1p-contractive type mappings and proved some new fixed point theorems.
More recently E. Karapinar and B. Samet [6] generalize the above results
for the class of a — v-contractive mappings of Ciri¢ type.

In 2014, N. Hussain, M.A. Kutbi and P. Salimi [5] gave some fixed point
theorems for o — 1-contractive mappings satisfying a rational contractive
condition. An application to integral equations is also proved.

The purpose of this paper is to prove some fixed point theorems for
multivalued o —1)-contractive mappings satisfying some rational contractive
assumptions.

We need to recall some notions (see [2], [10]) and auxiliary results.

Definition 1.1 Let ¥ be the family of functions ¢: [0,4+00) — [0, +00)
satisfying the following conditions:

i) 1 is nondecreasing;

i) S n(t) < oo for all t > 0, where Y™(t) is the nth iterate of .

These functions are known in the literature as a stromg comparison
function. It is easily to see that if ¥ is a strong comparison function, then
P(t) <t for any t > 0.

Definition 1.2 ([12])Let (X,d) be a metric space, T: X — X and a: X X
X — [0,400). We say that T is a-admissible if v,y € X, a(z,y) > 1 =
a(Tz,Ty) > 1.

Definition 1.3 ([12]) Let (X, d) be a complete metric space and T: X — X
be a given mapping. We say that T is an o — -contractive mapping if there
exists two functions a: X x X — [0,+00) and ¢ € ¥ such that

a(z,y)d(Tz, Ty) < Y(d(z,y)) for all z,y € X.

The main result of the paper(see [12]) is the following theorem.
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Theorem 1.1 ([12]) Let (X,d) be a complete metric space and T: X — X
be an o — Y-contractive mapping. Suppose that:

i) T is admissible;

it) there exists xo € X such that a(xg, Txo) > 1;

i11) T is continuous.

Then, T has a fixed point that is, there exists x* € X such that Tx* = x*.

In 2012 J. Hasanzade, S. Rezapour and N. Shahzad results [4] introduced
for the first time the notion of «a, — ¥-contractive multivalued mappings.

Definition 1.4 ([}]) If (X,d) be a metric space, and A, B € P(X), then
ax(A,B): =inf{a(a,b): a € A,b€ B}. Let T: X — P(X), we say that T
is a-admissible whenever a(x,y) > 1 implies o (Tx, Ty) > 1.

Definition 1.5 ([//) Let (X,d) be a complete metric space, T: X — Py(X)
be a closed multi-valued mapping, ¥ € ¥ and a: X x X — [0,00) be a
function. We say that T is an ., — ¥-contractive multi-valued mapping
whenever

(T, Ty)H(Tx, Ty) < (d(z,y))
forx,y € X.

In 2012, E. Karapinar, B. Samet [6] introduced the concept of triangular
a-admissible mappings, and after that many papers related to this subject
appeared. One of this papers is Ovidiu Popescu [9], which appeared in 2014,
where the main result of it is based on the following concept.

Definition 1.6 An a-admissible map T is said to be triangular a-admissible
if
i) z,ye X, a(z,y) > 1= a(Tz,Ty) > 1;

it) z,y,z € X,a(x,z) > 1 and a(z,y) > 1 = a(x,y) > 1.
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Remark 1.1 Let T: X — X be a triangular a—admissible map. Assume
that there exists xo € X such that a(xg, Txo) > 1. If we define a sequence
{zn} by xpiy1 € Ty, then we have oy, Txy) > 1 for all m,n € N with
n <m.

Definition 1.7 We denote § the family of all functions :[0,00) — [0,1)

which satisfies the condition: lim B(t,) =1 implies lim t, = 0.
n—oo n—oo

Definition 1.8 Let (X,d) be a complete metric space, and let a: X x X —
R be a function. A map T: X — P(X) is called a generalized o-Geraghty
contraction type map if there exists B € § such that for all x,y € X

a(x,y)d(Tx,Ty) < ﬂ(M(.’L’,y)) : M(ﬂ?,y),
where

d(y, Ty)[1l + d(z, Tx)]
1+d(z,y)

M(z,y): = max{d(z,y), }

Lemma 1.1 Let ¢ > 1 A, B € P(X). Then for each a € A there exists
b € B such that d(a,b) < ¢H(A, B).

If Y is a nonempty subset of X and T:Y — P(X) is a multivalued
operator, then by definition, an element x € Y is said to be:

(i) a fixed point of T if and only if x € T'(x);

(ii) a strict fixed point of T' if and only if z = T'(z).

We will denote by Fp the fixed point set for 1" and by SFp the strict
fixed point set of T'.
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2 Generalized a — 1)-contractive mappings

In the first part of the paper we will extend J. Hasanzade, S. Rezapour
and N. Shahzad results [4], for the case of a — 1)-contractive multi-valued
mapping, by using a weaker contractive condition (see [8]).

Theorem 2.1 Let (X,d) be a complete metric space and T: X — Py (X)
be multi-valued mapping. Suppose that there exists a: X x X — R and
¥v: Ry — Ry such that:

i) the inequality holds

(y, Ty)[1 + D(z, T'x)]

D
(2, y)H(Tz, Ty) < ;
00, y) (T2, Ty) < ad(z,y) + b=

where a,b > 0 with a +b < 1;

i1) T is au-admissible;

i11) There ezists xg € X and x1 € Tz such that a(xg,z1) > 1;

i) if {xn} is a sequence in X such that o(zp,Tpt1) > 1 for alln € N
and x, — x, then a(xy,z) > 1 for alln € N.

v) T is continuous.

Then T has a fized point.

Proof. If xyp = x; then we have nothing to prove. So let zg # z1. If
x1 € Txg, and consider 1 < ¢ < a+rb then by Lemma 1.1, there exists
x9 € Trxy with 0 < d(z1,22) < ¢H(Txo,Tx1), and if we use that T is
a-admissible we get

0 < d(x1,22) < qos(Txzg, Tx1)H(Txo, T21)
(z1,Tx1)[1 + D(xo, Tmo)]}
1 + d(xg,xl)

D
<gq [ad(xo,xl) +b

Since 1 € T'xg, then we have

0 < d(x1,22) < g [ad(%xl) Lyl + d(xo,:m)q

1+ d(l‘o, 561)
< qlad(xo, x1) + bd(w1, z2)]
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Hence, we obtain d(x1,22)(1 —q-b) < ¢-a-d(xg,x1) and so

d(xl,xg) S 1 qa bd(xo,l‘l).

We notice that 13(;1: =0<1.

If x9 € Txo, then x5 is a fixed point of T'. Assume that xo # Txs and
q > 1, then

0 < d(z2,z3) < qa(Tx1,Txe)H(Tx1,Tx2)
D(xQ,TxQ)[l + D(x1,Ta;1)]]
1 —i—d(acl,arg)

<gq [ad(xh:cz) +b

Since x9 € T'x1, then we have

0 < d(z9,23) < q [ad(%,@) n bd(m,xs)[l + d(xl,m)]]

1+ d(a;l, 332)
< qlad(x1,z2) + bd(z2, 23)]

So we have

qa
1—qb

d(xg,wg) S

2
d(z1,m9) < (1 zaqb) d(z0, 1) = 32d(z0, 1)

By the same procedure we obtain a sequence {z,} € X such that z,, €
Trp-1,Tn # Tno1, @(Tn,Tpr1) > 1 and d(zp, xpe1) < ("d(x9,21) for all
n € N.

Then, for each n < m we have

d(xnaxm) < d(xn—lvxn) + ..+ d(mm—lvxm) < (/Bn + .+ ﬁmil)d(x()axl)
_ n
=7 _ﬁ

and so {z,} is a Cauchy sequence in X. Hence there exists z* € X such
that =z, — z*. Since a(z,,z*) > 1 for all n and T is a,-admissible,

d(xg,x1) =0 as n,m — 0.
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s (Txy, Tz*) > 1 for all n, thus
D(z*,Tz*) = inf d(z*
(z*, Tz") o (z*,y)

<d(z*,xpny1) + inf d(zpi1,y)
yeTz*

<d(z*,xn+1) + Ty, To*)H(Txp, Tx™)

D(z*, Tx*)[1 + D(xyp, Txy)]
1+ d(zp, z*)

D(z*, Ta*)[1 + d(2n, 2ny1)]
1+ d(zp, z*)

<d(z*,zpy1) + ad(zp,x*) +b-

<d(z*,zpy1) + ad(zp,x*) +b-
— bD(x*, Tz").

Hence D(z*,Tz*) =0 and so z* € Fr. m

Remark 2.1 Under similar assumptions as in Theorem 2.1, we can obtain
a similar result for the case of single-valued mappings.

Corollary 2.1 Let (X,d) be a complete metric space and T: X — X be an
o — P-contractive mapping. Suppose that there exists a: X x X — R4, such
that

i) the inequality o(x,y)d(Tz, Ty) < ad(zx, y)—l—bd(y’Ti/_)s_%z;ilgf’Tw)} holds for
all xz,y € X;

it) T is c-admissible;

iii) there exists xo € X such that o(xo,Tzo) > 1;

i) T is continuous

Then, T has a fized point x* € X.

Our next result is based on the concept of a—-contractive type mapping
( see B. Samet, C. Vetro, P. Vetro [12]), but we use here a contractive
condition of rational type.
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Theorem 2.2 Let (X,d) be a complete metric space and T: X — X be
o — Y-contractive single-valued mapping. Suppose that there exists a: X X
X - R and ¢¥: Ry — Ry be an increasing map such that:

i) the inequality holds

I

a(z,y)d(Tx, Ty) < ¢ <max{d(x,y), dy, Ty)[1 + d(z, Tx)] }>

1+d(z,y)

i1) T is a-admissible;

iii) There exists xog € X and x1 € Txg such that a(xg,z1) > 1;
i) T is continuous.

Then, T has a fixed point z* € X.

Proof. Let 29 € X and 27 = Tz such that a(zg, Txg) < 1. If 29 = 21,
than the proof is finished.

Suppose that xg # x1.Then we have

d(zy,Tz1) < alzg, x1)d(Tz0, Tx1)
ot b
=19 <maX{d(:Uo,x1), d(xl’fﬁ)cgix;i(:;mxl)] }>

= ¢Y(max{d(zg, x1),d(z1,Tx1)})

If max{d(xo,z1),d(x1,T21)} = d(x1,Tx1),

then d(z1,Tz1) < ¢(d(x1,Tx1)). So we get that d(z1,Tz1) = 0, which is
a contradiction. Hence, we get that d(z1,Tz1) < ¢(d(xo,z1)). If 1 = Txy,
then x1 € Fr. Let 1 # Tx1 and ¢ > 1. Then

0 <d(z1,Tz1) < qy(d(xg,1)).

Choose tg = d(zg,z1). Then tyg > 0 and d(x1,Tx1) < qio(tp). Hence
there exists 9 = T such that d(x1,22) < q¥(to) and so ¥ (d(z1,x2)) <

»(q(ty)). It is clear that xo # x1. Put ¢ = %. Then ¢; > 1 and
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we have
d(zg,Tre) < afxy,22)d(Tx1,TT2)

=1 (max{d(:m,m), d($2’71ﬂgif)6£;w4:’i(23;1,x2)] }>

= ¢ (max{d(x1,z2),d(x2, Tx2)})

By the same procedure we choose max{d(z1,x3),d(x2, Tx2)} = d(x1,z2)
and we get d(x2, Txe) < ¢(d(z1,22)).

If xo = Tz, then we have xo € Fp. Let o # Txo. So we get
0 < d(xe,Tz2) < q19o(d(x1,22)). Hence there exists x3 = Ty such that
d(x2,23) < q(d(x1,22)) = ¥(q(to)). So it is clear that zo # x3 and

P(d(xe,23)) < ¥3(qib(tp)). Choose qo = %{%%. Then ¢ > 1 and we
have

d($37 T.%'3) < 06(1'2, xg)d(T.’Bz, Tl'g) <

< (max{d(wQ, x3), d(s, Tlxi) [;(:jz;v Tis)] })
o d(mg, T(Eg) [1 -+ d(xg, .Tg)]

= w (max{d(mg, 1'3), g d(q;% ch) })

= Y(max{d(xq,x3),d(z3,Tx3)})

If we continue by the same procedure we obtain a sequence {z,} € X such
that x, = Tx,_1, Tn # Tp_1 and d(zn, Tnp1) < Y Hq(tg)). Let m > n.
Then

m—1

¢(d(ﬂfn, J:m)) < Z W*l(qiﬁ(to))

=n
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and this proves that {x,} is a Cauchy sequence. Hence there exists
x* € X such as x, — x*. We know that T is continuous, then

n—oo n—oo

So we get that z* € Fp. m

Using this assumptions we can build an example which verifies the
Theorem 2.2.

Example 2.1 Let X = [0,00) be endowed with the metric d, with d(x,y) =
|l —y|. Let T: X — X be a single-valued map

e {5 ifzelo]l
x, if v € (1,00)

and

L, ifa,ye(01]
0, otherwise

M%wz{

If we denote ¢¥(t) = % for all t > 0 we can check if T is a— 1p-contractive
mapping. It is obvious that for all x,y € X, T is an a — P-contractive
mapping and T is a-admissible. So T has at least one fized point.

Our next result is related to paper [13]. We introduce a new contraction
condition (see paper [7] Theorem 2.3)in order to get a new improvement of
the results given there for the case of generalized contraction mappings.

Theorem 2.3 Let (X,d) be a complete metric space and T: X — X be a
single-valued mapping such that

ad(y, Ty)[1 + d(z, Tz)]
1+d(z,y)

wlaltary) <o ( + pa,y))

where a, 3 > 0 with o+ B < 1 and 1, ¢: [0,00) — [0,00) are two functions
with the following conditions:
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i) ¥(a) < ¢(b) = a < b;
i1) T is continuous.

Then T has a fized point and for any given xg € X, the iterative sequence
T™xg converges to this fixed point.

Proof. Let g € X and z1 = Tz be arbitrary chosen. If d(Txg, Tx1) = 0,
then T'xg = Txy. This proves that x1 € Frp.

Consider z,, := Tx,,—1 for all n.

Suppose that d(T'zg,Tx1) # 0. Notice that d(z1,z2) = d(Txo, Tx1). If
d(x1,z2) = 0 then z9 € Fr. Suppose that d(z1,z2) # 0. So we have

P(d(x1,22)) = P (d(Txo, Tx1))
ad(zy1, Tz1)[1 + d(xo, Txo)]

= qb < 1—|—d($0,1‘1)
ad(z1,x2)[1 + d(xg, x1)]

S¢< 1+d($0,3§1)

< ¢(ad(z1,x2) + Bd(xo, x1)).

+ ﬁd(ﬂfo,ﬂﬂl))

+ 6d(x0,a:1)>

Using i) we have d(z1,z2) < ad(z1,z2) + Bd(xg, x1).
So d(z1,x2) < %d(wo,xl).

n
By induction we get that d(z,41,2,) < (%) d(xo,x1)-

Notice that r = % < 1.
Moreover, for n < m, we have

d(Tp, Tm) < d(Tp—1,Tn) + . + d(Tm—1, Tm)
< (r" 4 ...+ ™ Yd(xg, 1)

n

<
—1—-r

d(xzo,z1) — 0 as mn,m — oco. (%)

Therefore {x,} is a Cauchy sequence. Since (X, d) is a complete space, there
exists z € X such that z,, — 2™ as n — co. From the continuity of T, it
follows that 41 = Tx, — Tx*,n — co. By uniqueness of the limit, we get
¥ =Tz* thatisz* € Fpr. m



70 _ FIXED POINTS THEOREMS OF GENERALIZED « — ¥)-CONTRACTIVE TYPE OPERATORS ___

Example 2.2 Let X be endowed with the metric d: X x X — [0,00) and
T: X — X be a single-valued mapping,

2, if x € [1,2]
Tr=< 2, ifze(2,3)
1, otherwise

It is easy to verify that this example verify Theorem 2.3 for a = %,6 = %.
We can choose 1(t) = 1 and ¢(t) =t with t € [1,400), so all the conditions
will be verified for this values. Then T has many fived points, such as 2, %

The next fixed point theorem is an extension of Theorem 2.2 from [12],
by using a weakly contractive condition.

Theorem 2.4 Let (X,d) be a complete metric space, a: X x X — X be
a function, and T: X — X be a single-valued mapping. Suppose that the
following conditions take place

i) T is a generalized a-Geraghty contraction type;
it) T is triangular a—admissible;
iii) There exists xo € X such that a(xo, Txo) > 1.
Then T has a fized point.
Proof. Let ¢y € X such that a(zg, Txg) > 1. Define {x,} by xpi1 = Txp
for all n € N. If x,, = x,,41, than the proof is finished.

Suppose that x, # z,y1. Since T is triangular a-admissible then we
have

a(zy,xe) > 1 and ao(xy,z3) > 1.

Due to Remark 1.1 we have

a(Tp, Tnt1) =1 and o(zy, Tpe2) > 1
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for all n € N.
Notice that a(zy, Tp+m) > 1 for all m,n € N. Now we have to prove
that lim d(x,,x,4+1) = 0.
n—oo

Using Definition 1.1 and from condition ii) we get

d(x1,x2) < a(zg, z1)d(Txo, Tx1)

< B(M(JJO, .’L'l))M(ZC(), $1)

<g (max{d(azo, r1), A, Tflﬁ S(IOdg()b Tzo)] }>

d((El, Ta;l)[l + d(l’o, T.%o)] }
1 + d(.ro, :cl)

< B(max{d(xg,x1),d(z1,22)}) - max{d(xg,x1),d(x1,22)}

X max{d(mo, xl),

If max{d(xo,z1),d(x1,22)} = d(x1,x2), then we will have a contradiction
because of the definition of j3.
So max{d(zg,z1),d(x1,z2)} = d(zo,x1). Thus we conclude

d({Bl,.I'Q) < ﬁ(d(wo,l‘l)) . d(x(),{L‘l) < d(xo,xl) (1)

If d(T:Ul,Txg) =0 then z5 € Fr.
Suppose that d(T'z1,Tz2) # 0, then

d(xe,x3) < a(z1,x2)d(Tx1, Tx2)

< B(M (21, 22)) M (21, 22)

< (o vy, A2 A0 )

d(xz, T.’EQ)[l + d(wl, Txl)] }
1 + d(:cl, 562)

< B(max{d(x1,x2),d(z2,x3)}) - max{d(z1,x2),d(x2,z3)}

X max{d(xl, xg),

For case 1 we choose max{d(z1,x2),d(x2,x3)} = d(z2,x3), which is a
contradiction.
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So max{d(x1,2),d(z2,23)} = d(x1,22). From here we can conclude
that

d(l’g,ﬂ?g) < ﬂ(d(xl,ﬂig)) . d(.%‘l,ﬂSQ) < d(SL‘l,l‘Q) (2)

By induction we have

d(xp, Tpt1) < Bld(Xp—1,2y)) - d(Xp—1,2n) < d(Tp_1,Ty) (3)

Therefore the sequence {d(z,_1,2,)} is a positive and nonincreasing
sequence. Hence, there exists r > 0 such that lim, o d(xp—1,2,) = 7.
Suppose that r # 0, then we have

d(xna -rn—i-l)

d(l‘nfl,l’n) < ﬁ(d(l‘n*hxn)) <1

This implies that lim, o S(d(zp—1,2,)) = 1. But § € § which implies
d(zp—1,2,) = 0. Hence this is a contradiction, so r = 0.

Suppose that {z,} is not a Cauchy sequence. Then there exists ¢ > 0
such that, for all k& > 1, there exists my > ny > k with d(zy, , Tm,—1) > €.
Let mj be the smallest number satisfying the conditions above. Hence, we
have d(zy, , Zm,—1) < €. Therefore, we get

e <d(xn,, Tmy—1) + ATy —1, Tmy,) < €+ A(Tmp—1,Tmy)-

Letting k — oo, we get klim (ny,, Tm, ) = €. Since
— 00

‘d("Enmxmk*l) - d(xnk7xmk)| < d(l‘mmxmk*l)

we obtain lim d(zy,, Tm,—1) = €.
k—o0

By the same procedure we obtain

lim d(zp,, Tn,—1) = lim d(zpm,—1,Tn,—1) = €.
k—o00 k—o0
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Using Remark 1.1 we get d(2y,,,—1,Zn,—1) > 1. This yields to

d

—

xnka$mk) = d(Tl'nkfla Txmkfl)
a(xnkflvxmkfl)d(Txnkbemmkfl)
ﬁ(M(xnkflv xmkfl)) : M(le*l’ Jcmk*l)

IAIA

where

M(xnkfla ‘kafl) =
d(xmk—lv Txmk—l)[]- + d(:ﬂnk—la Txnk—l)]
1+ d(xnk—la xmk—l)

= maX{d(wnk—h mmk—l)a d(xmk—lv xmk)}

}

= max{d(zn,—1, Tmj—1),

We can see that klim M(2p, 1, Tm,—1) = €.
—00

Hence, we get

d(n,, Tm,,)
M(xnk—h mmk—l)

< BM (2,1, Ty —1))-

Letting k — oo, we get klim B(M (zpn,—1,Zm,—1)) = 1. By the definition
—00
of B € § we have klim M(2n,—1,%m,—1) = 0. Hence, ¢ = 0, which is a
—00
contradiction.

Therefore {x,} is a Cauchy sequence. Since (X, d) is a complete metric
space we get that lim =z, = z*.
n—oo

So we have

d(xps1, T2™) < d(Txzy, Tx")
< a(xn, 2%)d(Txy,, Tx™)
< B(M(zn,z%)) - M(xn, %) (4)
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We know that

1+ d(xp, z*)
d(z*, Tx*)[1 + d(zn, Tri1)] )
1+ d(zp,z*)

M(zy,x") = max{d(zy,z"),

}

= max{d(xy,,z"),

But z,41 = Tx, and lim z, = x*, then we get
n—oo

M (xp,z*) = d(x*, Tz™).
Introducing this in (4) then we will have
d(xpy1, Tx*) < p(d(z*, Tx")) - d(x*, Tx").

Suppose that d(z*, Tz*) > 0. From M (zp,z*) = d(z*, Tz*) we get that
M (zp,x*) > 0, which implies B(M (xy,, z*)) < M(zy,x*).

Letting =, — x*, then we will have d(z*, Tz*) < d(z*, Txz*), which is a
contradiction. So we obtain d(z*,Tz*) = 0, which proves that z* € Fp. m
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