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Abstract. Using the properties of the Pompeiu-Hausdorff metric, we will prove
some fixed point and fixed set theorems for multivalued type operators.
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1 Introduction and Preliminaries

In this paper we will prove some fixed point and fixed set theorems for
multivalued type operators.
We will present first some notions and symbols used in this paper.
Let (X, d) be a metric space.Throughout this paper we will use the following
notations and concepts:
P (X) = {Y ⊆ X|Y 6= ∅};
Pcp(X) = {Y ∈ P (X)|Y is nonempty compact};
Pcv(X) = {Y ∈ P (X)|Y is nonempty convex};
Pb,cl(X) = {Y ∈ P (X)|Y = Y, diam(Y ) <∞};
Pcp,cv(X) = Pcp(X) ∩ Pcv(X).
We begin with the definition:
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(1) D is called the gap functional between A and B: D : P (X)×P (X)→
R+, D(A,B) = inf{d(a, b) | a ∈ A, b ∈ B}.
In particular, if x0 ∈ X then D(x0, B) := D({x0}, B).

(2) diam : P (X)→ R+ ∪ {+∞}, diamA := sup{d(a, b)|a, b ∈ A}.

(3) ρ : P (X)× P (X)→ R+ ∪ {+∞}, ρ(A,B) = sup{D(a,B) | a ∈ A}.

(4) ρ is called the (generalized) excess functional.

(5) H : P (X)×P (X)→ R+ ∪ {+∞}, H(A,B) = max{ρ(A,B), ρ(B,A)},
H is the (generalized) Pompeiu-Hausdorff functional on P (X).

Theorem 1.1 Let (X, d) be a metric space, then (Pb,cl(X), H) is a metric
space.

Some important properties of Pompeiu- Hausdorff functional.

Lemma 1.1 Let (X, d) be a metric space and Y,Z, V,W ∈ P (X). Then we
have:

(i) H(Y,Z) = 0 if and only if Y = Z;

(ii) H(Y,Z) = H(Y ,Z);

(iii) H(Y ∪ V,Z ∪W ) ≤ max{H(Y,Z), H(V,W )};

(iv) Let Y,Z ∈ P (X) and ε > 0. Then for each y ∈ Y there exists z ∈ Z
such that d(y, z) ≤ H(Y,Z) + ε;

(v) Let Y,Z ∈ P (X) and q > 1. Then for each y ∈ Y there exists z ∈ Z
such that d(y, z) ≤ q ·H(Y,Z);

(vi) If Y,Z ∈ Pcp(X) then for each y ∈ Y there exists z ∈ Z such that
d(y, z) ≤ H(Y,Z);

(vii) If Y,Z ∈ P (X) then H(Y,Z) ≤ ε is equivalent with the following
assertion: for each y ∈ Y there exists z ∈ Z such that d(y, z) ≤ ε and
for each z ∈ Z there exists y ∈ Y with d(y, z) ≤ ε;
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(viii) Let ε > 0. If Y,Z ∈ P (X) are such that H(Y,Z) < ε then for each
y ∈ Y there exists z ∈ Z such that d(y, z) < ε.

Let A,B be two families of nonempty subsets of X and let P (B) be the
family of all nonempty subsets of B.

Definition 1.1 Let φ : A → P (B) such that there exists F ∈ φ(A)
satisfying a relation of the type A ⊂ F,A ⊃ F,A ∩ F 6= ∅, is called a
semifixed set of multivalued φ. Moreover, a fixed set for φ is any set Z ∈ A
satisfying Z ∈ φ(Z).

Let X be a Banach space and denote for now on K := Pcp(Pcp(X)).
The space K is endowed with the Pompeiu-Hausdorff distance H induced
by the metric h of Pcp(X), i.e H(A,B) := max{e(A,B), e(B,A)},

where e(A,B) = sup
A∈A

inf
B∈B

h(A,B).

For A,A′, B,B′ ∈ Pcp(X) and λ ∈ R, the set:
D(A,B) := inf{||a− b|| |a ∈ A, b ∈ B}, we have:

(i) D(A,B) = D(B,A);

(ii) D(A,B) = 0 if only if A ∩B 6= ∅;

(iii) D(λA, λB) = |λ|D(A,B);

(iv) D(A,B) ≤ D(A′, B′) + h(A,A′) + h(B,B′);

(v) h(A,B) ≤ diam(A) + diam(B) +D(A,B).

The function D is continuous on Pcp(X)× Pcp(X),

| sup
B∈B

D(A,B)− sup
B∈B

D(A′, B)| ≤ h(A,A′).

We define:

∆(A,B) := max{f(B,A), f(A,B)} , for A,B ∈ K, where

f(A,B) = inf
A∈A

sup
B∈B

D(A,B) and f(B,A) = inf
B∈B

sup
A∈A

D(B,A).
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Definition 1.2 A function ϕ : R+ → R+ is a comparison function if it
satisfies: ϕ is monotone increasing and (ϕn(t))n∈N converges to 0, for all
t > 0.

Remark 1.1 If ϕ : R+ → R+ is a comparison function then ϕ(0) = 0 and
ϕ(t) < t, for every t > 0.

Definition 1.3 A map φ : A→ K is said compact if its range
φ(A) = {Y ∈ Pcp(X)|Y ∈ φ(X) for some X ∈ A} is precompact in Pcp(X).

As Pcp(X) is complete, φ is compact if and only if φ(A) has compact
closure in Pcp(X).

Definition 1.4 Let X be a Banach space, A be a subset of Pcp(Pcp(X)).
Then φ : A → Pcp(Pcp(X)) is said to be a set ϕ-contraction if ϕ : R+ → R+

is a comparison function and

∆(φ(Y ), φ(Z)) ≤ ϕ(D(Y,Z)), for all Y,Z ∈ A.

Definition 1.5 Let (X,H) be a metric space. The multivalued operator
φ : X → Pcp(Pcp(X)), is called upper semicontinuous (resp. lower
semicontinuous) if, for every x0 ∈ X and ε > 0 there exists an open
neighborhood V of x0 such that H(φ(x), φ(x0)) < ε (resp. H(φ(x0), φ(x)) <
ε), for every x ∈ V . φ is called continuous if it is both, upper and lower
semicontinuous.

The first result is:

Theorem 1.2 (I.C. Tişe [5]) Let X be a Banach space, A be a closed subset
of Pcp(Pcp(X)) and let φ : A → Pcp(Pcp(X)) be a strong compact and upper
semicontinuous multivalued, with values φ(X) ⊂ A for every X ∈ A.
Suppose there exists a comparison function ϕ : R+ → R+ such that satisfying
the following condition:

∆(φ(Y ), φ(Z)) ≤ ϕ(D(Y,Z)) for every Y,Z ∈ A.

Then there exists A ∈ A and F ∈ φ(A) such that:

A ∩ F 6= ∅.



Ioana Camelia Tişe 81

In the papers [5], [6], we have studied existence, uniqueness and data
dependence for the fixed points, of operators φ : A → K. In this article
we will discuss further aspects of the fixed point and fixed set theory.

2 Main Results

Let X be a Banach space. The space Pcp(Pcp(X)) endowed with the
Pompeiu-Hausdorff metric H induced by the metric H of Pcp(X),

H(A,B) := max{e(A,B), e(B,A)},

where e(A,B) := sup
A∈A

inf
B∈B

H(A,B), and e(B,A) := sup
B∈B

inf
A∈A

H(B,A).

Remark 2.1 Pcp,cv(Pcp,cv(X)) ⊂ Pcp(Pcp(X)).

Definition 2.1 Let (X, d) be a metric space and T̃ : X → Pcp(Pcp(X)) be
an operator. Then T̃ is said to be:

(i) α- set contraction if α ∈ [0, 1) and

H(T̃ (x1), T̃ (x2)) ≤ αd(x1, x2), for all x1, x2 ∈ X.

(ii) (ε, α)-contraction if ε > 0, α ∈ [0, 1) and

H(T̃ (x1), T̃ (x2)) ≤ αd(x1, x2), for all x1, x2 ∈ X with d(x1, x2) < ε.

We have the following result for Ỹ , Z̃ ∈ Pcp(Pcp(X)).

Lemma 2.1 Let (X, d) be a complete metric space and Ỹ , Z̃ ∈ Pcp(Pcp(X))
and q > 1. Then for all Y ∈ Ỹ exists Z ∈ Z̃ such that

H(Y,Z) ≤ qH(Ỹ , Z̃).

The following result is an extension of the Nadler’s Contraction Principle.
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Theorem 2.1 Let (X, d) be a complete metric space and T̃ : X →
Pcp(Pcp(X)) be an α- set contraction. Then, there exists x∗ ∈ X such that
{x∗} ∈ T̃ (x∗).

Proof Let x0 ∈ X, x1 ∈ X1 and X1 ∈ T̃ (x0).
We have for X1 ∈ T̃ (x0) exists X2 ∈ T̃ (x1) such that:

(2.1) H(X1, X2) ≤ qH(T̃ (x0), T̃ (x1)), where q > 1.

Also, for X1, X2 and x1 ∈ X1 exists x2 ∈ X2 such that:

(2.2) d(x1, x2) ≤ qH(X1, X2), where q > 1.

Then by (2.1), (2.2), Lemma 1.1(v), Lemma 2.1 and T̃ − α set contraction
condition we have:

d(x1, x2) ≤ qH(X1, X2) ≤ q2H(T̃ (x0), T̃ (x1)) ≤ q2αd(x0, x1).

We choose 1 < q < 1√
α

, thus we can construct the sequence (xn)n∈N given

by xn ∈ Xn with Xn ∈ T̃ (xn−1) such that:

d(xn, xn+1) ≤ (q2α)nd(x0, x1).

Then

d(xn, xn+p) ≤ αd(xn, xn+1) + · · ·+ d(xn+p−1, xn+p)

≤ ((q2α)n + · · ·+ (q2α)n+p−1)d(x0, x1)

≤
(q2α)n

1− q2α
d(x0, x1)→ 0 as n, p→∞.

Then, the sequence (xn)n∈N converges to x∗ ∈ X. Since T̃ has closed graph
and xn ∈ T̃ (xn−1), for all n ∈ N we get that {x∗} ∈ T̃ (x∗).
The proof is complete.
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Another result is a data dependence theorem.

Theorem 2.2 Let (X, d) be a complete metric space and T̃ , S̃ : X →
Pcp(Pcp(X)) be two α- set contractions. If there exists η > 0 such that

H(T̃ (x), S̃(x)) ≤ η, for all x ∈ X,

then we have H(F
T̃
, F

S̃
) ≤ αη

1−α .

Proof By Theorem 2.1 we know that: F
T̃
6= ∅ and F

S̃
6= ∅.

Let x∗
T̃
∈ F

T̃
and for x∗T ∈ T̃ (x∗T ), since

H(T̃ (x), S̃(x)) ≤ η, for all x ∈ X,

there exists Y1 ∈ S̃(x∗T ) such that:

H({x∗T }, Y1) ≤ qH(T̃ (x∗T ), S̃(x∗T ))

≤ qη, for any q > 1.

Now for Y1 and x∗T ∈ T̃ (x∗T ) there exists y1 ∈ Y1 such that:

d(x∗T , y1) ≤ qH({x∗T }, Y1).

Thus

(2.3) d(x∗T , y1) ≤ q2η.

As in the proof of Theorem 2.1 we can construct a sequence (yn)n∈N with

{
y0 = x∗T

yn ∈ Yn with Yn ∈ S(yn−1), n ∈ N∗
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which converges to an element x∗S ∈ FS̃ .
Moreover

d(yn, yn+p) ≤ (q2α)n
1− (q2α)p

1− q2α
d(y0, y1), for all n, p ∈ N.

As p→∞ =⇒ d(yn, x∗S) ≤ (q2α)n 1
1−q2α

d(y0, y1), for all n ∈ N.
Then, for n = 0 we get

d(x∗T , x
∗
S) ≤

1
1− q2α

d(y0, y1).

Since y0 = x∗T ∈ T̃ (x∗T ), y1 ∈ S(x∗T ) and the relation (2.3) we get that:

d(x∗T , x
∗
S) ≤

q2η

1− q2α
.

By, this relation and the analogous one obtained by interchanging the soles
of x∗T and x∗S we get that

H(F
T̃
, F

S̃
) ≤

q2η

1− q2α
.

Let get q ↘ 1 we obtain H(F
T̃
, F

S̃
) ≤ η

1−q .
The proof is complete.

A result for Ulam-Hyers stability is:

Theorem 2.3 Let (X, d) be a complete metric space and T̃ : X →
Pcp(Pcp(X)) be an α- set contraction. Let ε > 0 and x ∈ X, X ∈ T̃ (x) such
that H(x, T̃ (x)) ≤ ε. Then there exists x∗ ∈ F

T̃
such that d(x, x∗) ≤ ε

1−α .

Proof Let x ∈ X,ε > 0 are such that H(x, T̃ (x)) < ε.
Since T̃ (x) is compact and there exists y ∈ T̃ (x) such that d(x, y) ≤ ε.
By the proof of Theorem 2.1, then we have that:

d(x, x∗) ≤
1

1− α
d(x, y).
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We get the conclusion d(x, x∗) ≤ ε
1−α .

The proof is complete.
We denote: (SF )

T̃
:= {x ∈ Y |x = T̃ (x)} the strict fixed point set of T̃

and by Graph(T̃ ) := {(x, y) ∈ X × Y : y ∈ T̃ (x)} the graphic of T̃ .
We discus near the well-posedness of the fixed point problem.

Theorem 2.4 Let (X, d) be a complete metric space and T̃ : X →
Pcp(Pcp(X)) be an α- set contraction, with (SF )

T̃
6= ∅. If (xn)n∈N is a

sequence in X such that H(xn, T̃ (xn)) → 0 as n → ∞, then (xn) → x∗ as
n→∞.

Proof Let (xn)n∈N be a sequence in X such that H(xn, T̃ (xn)) → 0 as
n→∞. Then:

d(xn, x
∗) ≤ H(xn, T̃ (xn)) +H(T̃ (xn), T̃ (x∗))

≤ H(xn, T̃ (xn)) + αd(xn, x
∗).

Then d(xn, x∗) ≤ 1
1−αH(xn, T̃ (xn)) as n→ +∞.

The proof is complete.
Next result presents the limit shadowing property with respect to T̃ .

Theorem 2.5 Let (X, d) be a complete metric space. If (yn)n∈N is a
sequence in X such that H(yn+1, T̃ (yn)) → 0 as n → ∞, then there exists
a sequence (xn)n∈N ⊂ X of successive approximations for T̃ , such that
d(xn, yn)→ 0 as n→∞.

Proof Let (yn)n∈N be a sequence in X such that H(yn+1, T̃ (yn)) → 0 as
n → ∞. Then, there exists un ∈ T̃ (yn), n ∈ N such that d(yn+1, un) → 0
as n→ +∞.
We shall prove that d(yn, x∗)→ 0 as n→ +∞. We have:
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d(x∗, yn+1) ≤ H(x∗, T̃ (yn)) +H(yn+1, T̃ (yn))

= H(T̃ (x∗), T̃ (yn)) +H(yn+1, T̃ (yn))

≤ αd(x∗, yn) +H(yn+1, T̃ (yn))

≤ α[αd(x∗, yn−1) +H(yn, T̃ (yn−1))] +H(yn+1, T̃ (yn))

≤ · · · ≤ αn+1d(x∗, y0) + αnH(y1, T̃ (y0)) + · · ·+H(yn+1, T̃ (yn)).

Thus, by Cauchy’s Lemma, we have d(x∗, yn+1) → 0 as n → +∞ (see[3]).
On the other hand, by the proof of Theorem 2.4, we know that there exists a
sequence (xn)n∈N of successive approximations for T̃ starting from arbitrary
(x0, x1) ∈ Graph(T̃ ) which converge to a fixed point x∗ ∈ X of the operator
T̃ . Since, the fixed point is unique, we get that d(xn, x∗) → 0 as n → +∞.
Hence, for such a sequence (xn)n∈N , we have

d(yn, xn) ≤ d(yn, x
∗) + d(x∗, xn)→ 0 as n→ +∞.

The proof is complete.
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