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some fixed point and fixed set theorems for multivalued type operators.
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1 Introduction and Preliminaries

In this paper we will prove some fixed point and fixed set theorems for
multivalued type operators.
We will present first some notions and symbols used in this paper.
Let (X, d) be a metric space. Throughout this paper we will use the following
notations and concepts:
P(X) = {Y C XY #0);
P, (X)={Y € P(X)|Y is nonempty compact};
P.,(X)={Y € P(X)|Y is nonempty convex};
Pra(X) = {Y € P(X)|Y = Y, diam(Y) < oo};
Papeo( X) = Pop(X) 1 Poy(X).
We begin with the definition:
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(1) D is called the gap functional between A and B: D : P(X) x P(X) —
R., D(A,B) =inf{d(a,b) | a € A, b e B}.
In particular, if g € X then D(zg, B) := D({zo}, B).

(2) diam : P(X) — Ry U{+o0}, diamA := sup{d(a,b)|a,b € A}.
(3) p: P(X) x P(X) — R+ U{+00}, p(A, B) =sup{D(a, B) | a € A}.
(4) p is called the (generalized) excess functional.

(5) H: P(X) x P(X) = Ry U{+o0}, H(A, B) = max{p(A, B), p(B, A)},
H is the (generalized) Pompeiu-Hausdorff functional on P(X).

Theorem 1.1 Let (X,d) be a metric space, then (Py(X), H) is a metric
space.

Some important properties of Pompeiu- Hausdorff functional.

Lemma 1.1 Let (X,d) be a metric space and Y, Z,V,W € P(X). Then we
have:

(i) H(Y,Z) =0 if and only if Y = Z;
(ii) HY,Z)=H(Y,Z);
(iii) HY UV, ZUW) <max{H(Y,Z), H(V,W)};

(iv) Let Y, Z € P(X) and € > 0. Then for each y € Y there exists z € Z
such that d(y,z) < H(Y,Z) + ¢;

(v) Let Y,Z € P(X) and q > 1. Then for each y € Y there exists z € Z
such that d(y,z) < q-H(Y,Z);

(vi) If Y, Z € Pe,(X) then for each y € Y there exists z € Z such that
d(y,z) < H(Y, Z);

(vii) If Y, Z € P(X) then H(Y,Z) < € is equivalent with the following
assertion: for each y €Y there exists z € Z such that d(y,z) < e and
for each z € Z there exists y € Y with d(y,z) < ¢;
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(viii) Let ¢ > 0. If Y,Z € P(X) are such that H(Y,Z) < ¢ then for each
y €Y there exists z € Z such that d(y, z) < €

Let A, B be two families of nonempty subsets of X and let P(B) be the
family of all nonempty subsets of B.

Definition 1.1 Let ¢ : A — P(B) such that there exists F € ¢(A)
satisfying a relation of the type A C F,A D F,ANF # 0, is called a
semifized set of multivalued ¢. Moreover, a fixed set for ¢ is any set Z € A
satisfying Z € ¢(Z).

Let X be a Banach space and denote for now on K := P, (P (X)).

The space K is endowed with the Pompeiu-Hausdorff distance H induced
by the metric h of P.,(X), i.e H(A, B) := maz{e(A, B),e(B,A)},

where e(A, B) = ilégégijgh(fl ,B).

For A, A", B, B’ € P;,(X) and X € R, the set:
D(A, B) :=inf{|la —b|| |a € A,b € B}, we have:

(i) D(A, B) = D(B, A);

(i) D(A, B) = 0 if only if AN B % 0;

(ili) D(AA,AB) = |\|D(A, B);

(iv) D(A, B) < D(A', B') + h(A, A") + h(B, B);
(v) h(A, B) < diam(A) + diam(B) + D(A, B).

The function D is continuous on P, (X) x Pep(X),

|sup D(A, B) — sup D(4’, B)| < h(A, A).
BeB BeB

We define:
A(A, B) .= max{f(B,A), f(A,B)} , for A,B € K, where

f(A,B) = inf supD(A, B) and f(B,A) = inf supD(B, A).
A€ABeRB BeBAc A
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Definition 1.2 A function ¢ : Ry — Ry is a comparison function if it
satisfies: ¢ is monotone increasing and (¢"(t))nen converges to 0, for all
t>0.

Remark 1.1 If o : Ry — Ry is a comparison function then p(0) =0 and
(t) < t, for every t > 0.

Definition 1.3 A map ¢ : A — K is said compact if its range

d(A) ={Y € Pp(X)|Y € ¢(X) for some X € A} is precompact in Pep(X).
As Pp(X) is complete, ¢ is compact if and only if ¢(A) has compact

closure in Pey(X).

Definition 1.4 Let X be a Banach space, A be a subset of Pep(Pep(X)).
Then ¢ : A — Pep(Pep(X)) is said to be a set p-contraction if ¢ : Ry — R
is a comparison function and

A(o(Y),0(2)) < o(D(Y, Z)), for allY,Z € A.

Definition 1.5 Let (X, H) be a metric space. The multivalued operator
¢+ X — Pp(Pp(X)), is called upper semicontinuous (resp. lower
semicontinuous) if, for every xog € X and € > 0 there exists an open
neighborhood V' of xo such that H(¢(x), p(x0)) < e (resp. H(p(xo), p(z)) <
e), for every x € V. ¢ is called continuous if it is both, upper and lower
semicontinuous.

The first result is:

Theorem 1.2 (1.C. Tise [5]) Let X be a Banach space, A be a closed subset
of Pep(Pep(X)) and let ¢ : A — Pop(Pep(X)) be a strong compact and upper
semicontinuous multivalued, with values ¢(X) C A for every X € A.
Suppose there exists a comparison function ¢ : Ry — R such that satisfying
the following condition:

A(o(Y), ¢(Z)) < o(D(Y, Z)) for every Y, Z € A.
Then there exists A € A and F € ¢(A) such that:

ANF #10.
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In the papers [5], [6], we have studied existence, uniqueness and data
dependence for the fixed points, of operators ¢ : A — K. In this article
we will discuss further aspects of the fixed point and fixed set theory.

2 Main Results

Let X be a Banach space. The space Pg,(P(X)) endowed with the
Pompeiu-Hausdorff metric H induced by the metric H of Py,(X),

H(A, B) := maz{e(A,B),e(B, A},
where e(A, B) := sup inf H(A, B), and e(B,.A) := sup inf H(B, A).
AcABeB BepAeA

Remark 2.1 Prp co(Pep.eo(X)) C Pap(Pep(X)).

Definition 2.1 Let (X,d) be a metric space and T : X — P.,(Pep(X)) be
an operator. Then T is said to be:

(i) a- set contraction if a € [0,1) and

H(T(z1),T(x2)) < ad(xy1,x2), for all z1,z9 € X.

(ii) (€, a)-contraction if € >0, a € [0,1) and

H(T (1), T(x2)) < ad(zy1,x3), for all z1, x5 € X with d(x1,22) < €.
We have the following result for Y, Z € Pop(Pep(X)).

Lemma 2.1 Let (X,d) be a complete metric space and Y, Z € Pop(Pep(X))
and g > 1. Then for ollY €Y exists Z € Z such that

H(Y,Z) < qH(Y, Z).

The following result is an extension of the Nadler’s Contraction Principle.
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Theorem 2.1 Let (X,d) be a complete metric space and T : X —
Pep(Pep(X)) be an - set contraction. Then, there exists ™ € X such that

{a*} € T(a").

Proof Let zg € X, 71 € X7 and X € T(xo)
We have for X; € T(a:o) exists Xy € T(x1) such that:

(2.1) H(X1, X2) < qH(T (), T(x1)), where ¢ > 1.

Also, for X1, X9 and x1 € X7 exists 29 € X5 such that:
(2.2) d(x1,z2) < gH(X1, X2), where ¢ > 1.

Then by (2.1), (2.2), Lemma 1.1(v), Lemma 2.1 and T — o set contraction
condition we have:

d(z1,72) < qH(X1,X2) < *H(T(x0), T(z1)) < ¢*ad(zo, 21).
We choose 1 < ¢ < f’ thus we can construct the sequence (z,,)nen given
by z, € X,, with X,, € T(:L"n,l) such that:

d(Zn, Tpy1) < (q a)"d(wg, 1)

Then

ad(Tn, Tnt1) + -+ d(Tnyp-1, Tnip)
()" + -+ ()" PN d(xo, 1)
(¢*a)"
~1-q¢%a

d(xnv $n+p) <
<

d(xo,z1) — 0 as n,p — oo.

Then, the sequence (z,)nen converges to z* € X. Since T has closed graph
and z, € T(xn_1), for all n € N we get that {z*} € T(z*).
The proof is complete.
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Another result is a data dependence theorem.

Theorem 2.2 Let (X,d) be a complete metric space and 7.8 : X —
P.p,(Pep(X)) be two - set contractions. If there exists n > 0 such that

H(T(z), S(z)) <n, forallz € X,

then we have H(Fz, Fg) < 175

—Q

Proof By Theorem 2.1 we know that: Fz # () and Fg # (.
Let 27 € Fiz and for a7, € f(x*T), since

H(T(x),S(x)) <n, for all z € X,

there exists Y] € S (27) such that:

H({z7}, Y1) < qH(T(27), S(«7))
< gn, for any q > 1.

Now for Y] and % € f(x}) there exists y; € Y7 such that:

d(z7,y1) < ¢H({z7},Y1).

Thus

(2.3) d(@,y1) < ¢*n.

As in the proof of Theorem 2.1 we can construct a sequence (Y, )nen With

Yo = T
Yn € Yy, with Y, € S(yp—1), n € N*
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which converges to an element z’ € Fg.
Moreover

1— (GPa)?

md(yo,yl), for all n,p € N.

A(Yns Yntp) < (GPa)™

_1
1—q2«a

As p — 00 = d(yn, %) < (¢°a)"
Then, for n = 0 we get

d(yo,y1), for all n € N.

1

d * * <
(xTVTS) — 1 _ q2a

d(yo,y1)-

Since yo = o7 € Tv(fci}), y1 € S(«%) and the relation (2.3) we get that:

2

. qan
d < .

By, this relation and the analogous one obtained by interchanging the soles
of 7. and z§ we get that

2
qan

Let get ¢ \, 1 we obtain H(Fz, Fg) < %1.
The proof is complete.
A result for Ulam-Hyers stability is:

Theorem 2.3 Let (X,d) be a complete metric space and TV~: X —
Pep(Pep(X)) be an - set contraction. Let € >0 and x € X, X € T'(z) such

that H(z, T (x)) < €. Then there exists z* € Fg such that d(z,z*) <

l—«

Proof Let z € X,e > 0 are such that H(z,T(z)) < €.

Since T(z) is compact and there exists y € T(z) such that d(z,y) < e.
By the proof of Theorem 2.1, then we have that:

1
d )< ——d .
(,3") < -——d(a.y)
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€
l—a-

We get the conclusion d(z,z*) <
The proof is complete.

We denote: (SF)z:={r € Ylzr = T(z)} the strict fixed point set of T
and by Graph(T) := {(z,y) € X x Y :y € T(x)} the graphic of T.

We discus near the well-posedness of the fixed point problem.

Theorem 2.4 Let (X,d) be a complete metric space and T : X —
Pep(Pep(X)) be an a- set contraction, with (SF)z # 0. If (xn)nen is a
sequence in X such that H(zyn,T(x,)) — 0 as n — oo, then (z,) — a* as
n — 0.

Proof Let (z,)nen be a sequence in X such that H(z,,T(z,)) — 0 as
n — oo. Then:

(@, T(wn)) + H(T(z0), T ("))
(2, T(xn)) + ad(zy, z*).

d(xp,x*) <H
H

IN

Then d(z,,x*) < ﬁH(mn,Tv(a}n)) as n — 400.
The proof is complete.
Next result presents the limit shadowing property with respect to T

Theorem 2.5 Let (X,d) be a complete metric space. If (Yn)nen 1S a
sequence in X such that H(ynH,Tv(yn)) — 0 as n — oo, then there exists
a sequence (Tp)nen C X of successive approximations for f, such that
d(Zp,yn) — 0 as n — oo.

Proof Let (y,)nen be a sequence in X such that H(yn+1,T(yn)) — 0 as
n — o0o. Then, there exists u, € f(yn), n € N such that d(yn4+1,un) — 0
as n — +o0.

We shall prove that d(y,,z*) — 0 as n — 400. We have:
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d(z*, ynt1) < H(@* T(yn)) + H(Yns1, T(yn))
= H(T ("), T(yn)) + HYn+1, T (yn))

< ad(z*,yn) + H(yn+1,T (yn))

< afad(z®, yn—1) + H(Yn, T(Yn-1))] + H(yn+1, T (yn))
<< a™d(@ yo) + oMy, T(wo)) + -+ + Hynar, T(yn)).

Thus, by Cauchy’s Lemma, we have d(z*,y,+1) — 0 as n — +o0o (see[3]).
On the other hand, by the proof of Theorem 2.4, we know that there exists a
sequence (x,)nen of successive approximations for 7" starting from arbitrary
(w0, 71) € G’raph(j:) which converge to a fixed point z* € X of the operator

T. Since, the fixed point is unique, we get that d(x,,z*) — 0 as n — +o0.
Hence, for such a sequence (zy,)ncn, we have

Ad(Yn, xn) < d(yn, ") + d(z*, z,) — 0 as n — 4o00.

The proof is complete.
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