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ABSTRACT. We consider the distributions of probability associated with the
g-Bernstein, ¢-Szasz-Mirakyan, ¢-Meyer-Konig and Zeller operators. The paper
is devoted to investigating convexity-like properties of the Shannon, Rényi and
Tsallis entropies of these distributions in the limiting case when ¢ — 0.

Key WORDS: entropy, geometric distribution, shape properties.
MSC 2010: 94A17, 26A51

1 Introduction

Consider a probability distribution depending on a parameter x € I,
where [ is an interval of the real axis:

p(x) = (po(:v),pl(x),...), with p;(x) >0, ij(x) =1, forz el
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4 - ENTROPIES ASSOCIATED TO @-DISTRIBUTIONS OF PROBABILITY

Related to it, several notions of entropies can be formulated (see for instance
6], [2], [5], [7]). We will be concerned with the following:

H=- ij (x)log p;(x), called the Shannon entropy,
J
_ 2 P
R = —log Z P; (x), called the Rényi entropy,

J
T=1- Z p? (z), called Tsallis entropy.

J
The sum of squares S = > ; p?(x), appears in literature under the name
index of coincidence.
In the theory of positive linear operators, various generalizations of
Bernstein polynomials are used. For ¢ € (0,1], the g-Bernstein basis of
order n is given by the polynomials

n—r—1
(1.1) r]f’rlﬂ—q%% r=0,1,...,n, z€l0,1].
r q s=0

where

n n
[}::1’ [}::1+q+'“+dkﬁ
0 q 1 q

|:TL:| L (1+q+...+qn71)(1+q+..._|_qn72).“(1+.__+qn7k>
kq‘ 1(1+Q)(1+q+q2)...(1+q+...+qk—1) .

The polynomials (1.1) form also a probability distribution. In the limit case
q = 0, the distribution becomes

(1.2) p(z) = (1 —az(l—a), 221 —a),..., 2" (1 - w),x”), z€[0,1]

Related to p,, is the geometric probability distribution with the parameter
11—z

(1.3) p(x) = (1 —z,z(1 —xz),2%(1 —z),.. .), z € [0,1].

This is also the limiting case, when g — 0, of the probability distributions
associated with the ¢-Szdsz-Mirakjan operators (see [1], p. 23, (2.21)) and
g-Meyer-Konig and Zeller operators (see [1], pp. 8-9, (1.10)).
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In this paper we wish to study various entropies associated to (1.2)
and (1.3). We are interested especially in the convexity, monotonicity of
the functions and some limit properties. This kind of properties were
investigated for a general family of distributions (including the binomial,
Poisson, and negative binomial distributions) in [3], [4] and the references
therein.

2 Shape properties of entropies

By direct computation one can obtain the index of coincidence and the
entropies for p,(z):

Pt ol

Sn(l')— o1 :2(1—$+$2——$2n_1+$2n)_1
Rn(z) = log(1+ z) — log(22®" ™ — 2 4 1)
2x
Tn — 1— 2n
(=) 1+ w( )
LT 0 ) loa(1 - 2) + o], x € (0,1)
Hy(z) = 1—=x z)log x rlogx|, T ,
0, z €{0,1}
and for p(x) respectively
1—2z
S =
(@) 1+
1—=2x
=—1
R(l‘) og 1 g
2x
T ey
() 14+
T

H(x) =7 log x — log(1 — )

— T



6 - ENTROPIES ASSOCIATED TO @-DISTRIBUTIONS OF PROBABILITY

To study the function S,(x) we calculate the first and second order

derivatives:
2nx?" 4+ (2n + 1)z -1

(z+1)2

S (z) =2

(2n? — n)2?" 4 (4n? — 1)2?"+ (2n? + n)a? 141
(x +1)3

Sh(z)=4 >0.

This implies
Theorem 2.1 The function Sy, : [0,1] — R defined above is strictly convezx.

To study the log-convexity of .S,,, notice that

n_ Si(@)Sa(z) — (S5 (2))*

Denote ¢p(z) := % (S!S, — S/2] (), that is

on(z) = (22" — 24+ D)[n2n — 1)2*" T 4 (4n? — 1)2?"
+n(2n + 1)z? 1 4 1] — 2n2®" ™ + (2n + 1)z — 1)2

It is easy to see that ¢, (0) = ¢, (1) = 0.
For n > 2 we have ¢),(0) = —1, so ¢, (z) < 0 in a neighborhood of 0.
For n = 1 we have (S{51 — S)(z) = 8z(1 — z) > 0. In conclusion:

Theorem 2.2 The function S; : [0,1] — R is log-convex. For n > 2, S, is
not log-convex.

This means also that the Rényi entropy R; is concave and for n > 2, R, is
not concave.

Denote by g, (z) = 2nz?" ™ + (2n + 1)2®" — 1 the numerator of the first
order derivative S/, (x). It is easy to see that ¢, (0) = —1, g,(1) = 4n and g,
is strictly increasing. It follows that there exists a unique point z,, € (0,1)
such that gy (z,) = 0, that is S/, (x,) = 0. Let us remark that

22" 4 (2n 4+ D22 — 1 < 222 20+ )22 —1=0
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implies

1

Ty < (dn+ 1) 2041,
while
20z’ + (2n 4+ )22 — 1> 2na? ™ 4 2n + 122" —1=0

implies

1

Ty > (dn+ 1) 2n.

From the above we get
(2.1) (An+1)"2 <, < (4n+1) 701,

As a consequence,

lim z, = 1.
n—oo

We have also

2x2n+1 —x, + 1
in S,(z) =9 =n -
in Sn() = Sn(wn) P

This fact, combined with (2.1), gives us the possibility to estimate the
minimum value of S,,; in particular,

. l—2, 1 1
(2.2) xren[gll] Sn(z) > 5 > 5(1 —(dn+1)"> +1>.

To conclude, we see that
e S, is convex on [0, 1].
e S,(0)=5,(1) =1.
e 1, is a minimum point of S, satisfying (2.1).

e The minimum value of S, satisfies (2.2).
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In what follows we turn our attention to Shannon entropy H,.

Theorem 2.3 If H, : [0,1] — R is the Shannon entropy associated to the
0-Bernstein distribution p,, then
H,(1-2%) e-1 1

lim = and lim H, (1 — —) =0.
n—oo  logn e n—o0 n?

Proof: We have

i ) = [ (1) R
SCPIEEOE
(1) =i [(1-5)" 1] e 5

(@) (1-3)"]

= i [(1- )" - e

= hm [(1- )z —1] log 2

1—22)r —1
T sl ki

-xlogx =0.
x—0 x

For n — oo, the entropies of the 0-Bernstein distribution p, converge to
those of p, the geometric distribution with parameter 1 — x.

lim S,(x) = S(x), lim R,(z) = R(x),

n—oo n—oo
lim T, (z) =T(x), lim Hy(x) = H(x).
n—oo n—oo

Remark 2.1 The functions S(x), R(x), T(x), H(x) have rather simple
graphs. This fact, combined with the above results, gives us an idea about
the behaviour of the functions Sy (), Ry(x), Tn(x), Hy(x) for large values
of n.
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The above convergences are not uniform on the whole interval [0, 1]. Here
are some estimates obtained using the norm in L;[0, 1].

Theorem 2.4 For any n € N, the Shannon entropies H,, H and the
Tsallis entropies T,,, T satisfy the inequalities

2 1
H,—H|;: <
1Hy = g <332 +

2
T,—T < .
||n HLl_ An + 3

Proof: We have

1
\H,— H| = /0 \Ho () — H()|de

1 1 "
/ |z log(1 — x)|dz + / x" dz
0 0 1

log

IA

1 1 1
1
z"log(1l — z)|dz < /;U2"d:r:- /lozl—xdx:—-\/ﬁ,
| oz~ ) \/0 \/0 g2 (1~ a)dr = ———

1
/:E” T 1
0 1

log

1
dmg/x"dac: .
-z 0 n+1

Similarly,

1 9,2n+1 1 1 1
T, =T = / de <2 /x4”+2dx- /—Qd:p
o l+u 0 o (I+z)
1 \/T
4n + 3 2

= 2
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