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ABSTRACT. This communication deals with a new second-order parametric
duality theory for a discrete minmax fractional programming problem relating
to second-order necessary and sufficient optimality conditions. First, some
second-order duality models are formulated, and then some weak, strong,
and strictly converse duality theorems are established applying new classes of
generalized second-order invex functions.
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1 Introduction

In this communication, we consider the following discrete minmax
fractional programming problem:
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(P) Minimize max file)
1<i<p gi()

subject to  Gj(z) <0, je€gq, Hp(xr)=0,ker, recX,

where X is an open convex subset of R" (n-dimensional Euclidean space),
firgi,i € p=A{1,2,...,p}, Gj,j € q, and Hy, k € r, are real-valued
functions defined on X, and for each i € p, g;(x) > 0 for all z satisfying the
constraints of (P). -

In this paper, we intend to explore and examine some new classes of
generalized second-order invex functions (referred to as sonvex functions)
in order to establish a set of second-order necessary optimality conditions,
and numerous sets of second-order sufficient optimality conditions based
on various generalized (¢, n, (, p, 8, m)-sonvexity assumptions. Furthermore,
we shall construct two second-order parametric duality models and prove
some weak, strong, and strict converse duality theorems applying a variety
of (¢,n,¢, p, 0, m)-sonvexity hypotheses. The paper is organized as follows:
In Section 2, we introduce a class of new basic definitions and recall some
auxiliary results that will be used in the sequel. In Section 3, we consider
two second-order parametric duality models for (P) with relatively newer
constraint structures and prove weak, strong, and strict converse duality
theorems using various generalized second-order (¢,n,(, p, 0, m)-invexity
assumptions. In Section 4, we summarize our main results and also point
out (based on our observations) some research opportunities arising from
certain modifications of the principal minmax model investigated in the
present communication. For more related details, we refer the reader [1 -
40].

We remark that all the duality results obtained for (P) are also
applicable, when appropriately specialized, to the following three classes
of problems with discrete minmax, fractional, and conventional objective
functions, which are particular cases of (P):

P Micimi L
(P1) inimize max - fi(z);

filz)

I

P9 Minimi
(P2) R g1(x)
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(P3) Minimize fi(z),

z€eF

where ' (assumed to be nonempty) is the feasible set of (P), that is,

F={reX:Gjr)<0,jc€q, H(r)=0, ker}.

2 Preliminaries

In this section we introduce certain classes of generalized convex
functions, which encompass most of generalized notions for convex
functions in the literature. Let f : X — R be a twice differentiable function.

Definition 2.1 The  function f is said to be  (strictly)
(6,m,C, p,0,m)-sonvex at x* if there exist functions ¢ : R — R, n,( :
XXxX->R" p: XXX >R, andf0: X x X - R", and a positive integer
m such that for each x € X (z # z*) and z € R,

¢(f(@) — f(=7))
(>) = (Vf(@"),n(z,z%)) + %<C(m,$*), VE2f(@")z) + pla, ) 0(z, 2™)|™,

where || - || is a norm on R™.
The function f is said to be (strictly) (¢,n, ¢, p,0, m)-sonvex on X if it
is (strictly) (¢,n,(, p,0, m)-sonvex at each x* € X.

Definition 2.2 The  function f is  said to  be  (strictly)
(¢,m,C, p, 0, m)-pseudosonvex at x* if there exist functions ¢ : R —
R, 7,(: XXX —->R" p: XxX —-R,andf: X xX — R", and a positive
integer m such that for each x € X (x # x*) and z € R™,

(Vf(2"),m(x, 27)) + %<<(w,w*),v2f(w*)2> > —pla, x)[|0(x, )™

= ¢(f(z) — f(z%)) (>) > 0.
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The function f is said to be (strictly) (¢,n,(, p, 0, m)-pseudosonvex on
X if it is (strictly) (¢,n,C, p,0, m)-pseudosonvex at each z* € X.

Definition 2.3 The  function f is said to be (prestrictly)
(¢,m, ¢, p, 0, m)-quasisonvex at x* if there exist functions ¢ : R —
R, 7, : XXX ->R" p: XxX —->R,andd: X xX — R", and a positive
integer m such that for each x € X and z € R",

¢(f(x) = f(=")) (<) <0
= (Vf(@"),n(x,z%)) + %<C(5E¢E*),V2f(w*)2> < —p(a, z%)]|0(z, 27)[|™.

The function f is said to be (prestrictly) (4,1, ¢, p, 0, m)-quasisonvex on
X if it is (prestrictly) (¢,n,(, p,0, m)-quasisonvex at each z* € X.

From the above definitions it is clear that if f is (¢,n,(, p, 0, m)-sonvex
at ¥, then it is  both  (¢,7,(,p,0, m)-pseudosonvex  and
(¢,m, ¢, p, 0, m)-quasisonvex at z*, if f is (4,7, (, p, 0, m)-quasisonvex at z*,
then it is prestrictly (¢,n,(, p, 8, m)-quasisonvex at x*, and if f is strictly
(¢,m, ¢, p, 0, m)-pseudosonvex at x*, then it is (¢,n,(, p, §, m)-quasisonvex
at z*.

In the proofs of the duality theorems, sometimes it may be more
convenient to use certain alternative but equivalent forms of the above
definitions. These are obtained by considering the contrapositive statements.
For example, (¢,n,(, p, 0, m)-quasisonvexity can be defined in the following

equivalent way:

The function f is said to be (¢,n,(,p,0, m)-quasisonvexr at z* if there
exist functions ¢ : R - R, n,( : X x X - R", p: X x X — R, and
f: X x X — R" and a positive integer m such that for each x € X and
z € R™,

(Vf(a"),n(x, 2%)) + %(C(x,x*),VZf(x*)2> > —pla, )]0, )™
= ¢(f(@) - f(=") >0
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Thus, the new classes of generalized convex functions specified in
Definitions 2.1 - 2.3 contain a variety of special cases that can easily be
identified by appropriate choices of ¢, n, ¢, p, 8, and m.

Next, we consider an interesting example that may connect fractional
derivatives [1] with higher order mathematical programming.

Example 2.1 Let f : X — R be a function. Then function f is said to be
(6,1, p, 0, m)-invex at x* for the left Caputo fractional partial derivative of
order o, o > 1 if there exist functions ¢ : R - R, n: X x X — R", p:
XXX —>R,and 0 : X x X — R"™, and a positive integer m such that for
each x € X (x # x*),

o(If ) = F@N) = (VI £ nGw, ) + o, )10, )™

where

0 f(a™) 8 f(a7)

v++ *\ ( e )

P = (s o

We next recall a set of second-order necessary optimality conditions

for (P). The following result will be needed for proving strong and strict
converse duality theorems.

Theorem 2.1 [34] Let z* be an optimal solution of (P), let \* = ¢(x™)
maxi<i<p fi(2*)/gi(z*)}, and assume that the functions f;, gi, i €
p, Gj, j € q, and Hy, k € r, are twice continuously differentiable at x*, and
that the second-order Guignard constraint qualification holds at x*. Then
for each z* € C(x*), there exist

p
u*GUE{uERp:uZO,Zuizl},
i=1

v* € RL ={veR?:v >0}, and w* € R" such that

p q T
> uf[Vfila®) = XVgi(a™)] + > viVG;(x*) + Y wiVH(z*) =0,
i=1 j=1 k=1
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(w6 - NP

q T
+ Z v;fVQGj(ﬂc*) + Z w,’;VZHk(:U*)}z*> >0,
j=1 k=1

ui[fi(z*) = Ngi(2")] =0, i €p, v;G(z")=0, je€gq,
where C(x*) is the set of all critical directions of (P) at x*, that is,

Ca*) = { 2 €R™ (Vi(a") — AVgi(a"),2) =0, i€ A(z"),
(VGy(a"),2) <0, j € B@"),(VH(a"),2) =0, ker |

for
AW = (G € s He) o) = s Fie)/ i),
and  B(z*) ={j € ¢: Gj(z") = 0}.

For brevity, we shall henceforth refer to z* as a normal optimal solution
of (P) if it is an optimal solution and satisfies the second-order Guignard
constraint qualification.

Now we shall assume that the functions f;, g;,7 € p,Gj,j € q,
and Hy, k € r, are twice continuously differentiable on the open set X.
Moreover, we shall assume, without loss of generality, that g;(x) > 0, i € p,
and p(z) >0 for all z € X. -

3 Duality Models

In this section, we consider a duality model with relative constraint
structures and prove weak, strong, and strictly converse duality theorems.

Consider the following two duality problems:

(DI) Maximize A
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subject to

31) > wlVfily) — AVaily +ZUJVG +ZkaHk() 0,
=1

k=1

(32) (¢ { D ulVA i) = AV ()

—i—Zv]VQG —|—Zka2Hk( )} >ZO,

7j=1 k=1

for all x € F,

(3.3) > wilfily) = Agi(y)] + ZUJ (y) + > wpHi(y) >0
=1 k=1

(3.4) yeX, zeCy),uel, veRl, weR", AeR,.

(DI) Maximize X
subject to (3.2) - (3.4) and

(35)
p

(Y wlViily) - AVaily +ZUJVG —i—ZkaHk() n(w,y)) =0,
=1 k=1

for all x € F.

Comparing (DI) and (DI), we see that (DI) is relatively more general
than (DI) in the sense that any feasible solution of (DI) is also feasible for
(DI), but the converse is not necessarily true. Furthermore, we observe that
(3.1) is a system of n equations, whereas (3.5) is a single inequality. Clearly,
from a computational point of view, (DI) is preferable to (DI) because of
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the dependence of (3.5) on the feasible set of (P).

Despite these apparent differences, it turns out that the statements and
proofs of all the duality theorems for (P) — (DI) and (P) — (DI) are almost
identical and, therefore, we shall consider only the pair (P) — (DI).

For the sake of the completeness, we shall use the following list of symbols
in the statements and proofs of our duality theorems:

q

Clx,v) = Z v;Gj(x),

j=1
Di(z,w) = wpHi(x), ke,

D(z,w) =Y wHy(x),
k=1
52(337)‘) = fl(x) - Agi(x)a S b,

g(xvuv >‘) = Zuz[fz(x) - )‘gi(x)]v
1=1

Q(x, v, w) = Z 'UjGj(.’L‘) + Z wka(a:),
j=1 k=1

Ii(u)={i€p:u; >0} Ji(v)={j€q: v; >0}, Ki(w)={k €r: wy #0}.

In the proofs of our duality theorems, we shall make frequent use of the
following auxiliary result which provides an alternative expression for the
objective function of (P).

Lemma 3.1 [36] For each x € X,
. T
o(r) = max filz) = max —Zfl ulf,(a:)‘
i<i<p gi(z)  welU 33 uigi(w)

In next two theorems, we show that (DI) is a dual problem for (P),
and then other theorems deal with th strong duality, and strictly converse
duality theorems.

Theorem 3.1 (Weak Duality) Let x and S = (y, z,u,v,w,\) be arbitrary
feasible solutions of (P) and (DI), respectively, and assume that either one
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of the following two sets of hypotheses is satisfied:

(a) (i) foreachie€ Iy =1i(u), fiis (¢,n, ¢, pi,0, m)-sonvex at y;
(1i) for each i € Iy = 1(u), —g; is (¢,n,¢, pi, 0, m)-sonvez at y;

)
)
(i13) for each j € J4 = Jy(v), G is (¢,n,C, pj, 0, m)-sonvez at y;
(v) for each k € K, = K.(w), wiHy is (¢,1n,, pr, 0, m)-sonvex at y;
(v) ¢ is superlinear and ¢(a) > 0= a > 0;
)

(vi Ziej+ uf [pi(x,y) +  Api(z,y)] + Zjej+ vip; (x,y) +
ZkEK* pk(xa y) > 07'

(b) the Lagrangian-type function

p

§—>L(f,u,v,w,/\):2u[ —gi(€ —i—Zv] +Zwka

=1

is (¢,m,C, p, 0, m)-pseudosonver at y, p(x,y) > 0, and ¢(a) > 0 =
a > 0.

Then ¢(z) > A
Proof. (a): Using the hypotheses specified in (i) - (iv), we have

(36) 6(fi@) ~ £0) = (VW) u) + 5, T hi)2)
eI, P T,

DN

BN o(—gi@) +9iv) = (~Vay),n(z,y) - 5((2.y), V29:(y)2)
+pi(z,y)||0(x, y) I, i€ Iy,

(3.8) ¢(Gj(2) = Gj(y)) = (VGi(y),n(z,y)) + ;(C(ﬂf,y),VQGj(y)@
+pi (@, )0, )™, € Iy,
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(3.9) ¢ (wrHy(z) — wiHy(y))
> (Vi) 0o, ) + 5, p), 0e7 Hy(y)2)
e 0G|, k€ K.,

Now, multiplying (3.6) by u; and then summing over i € p, (3.7) by A\u;
and then summing i € p, (3.8) by v; and then summing over j € ¢, summing
(3.9) over k € r, adding the resulting inequalities, using the suﬁerlinearity
of ¢, and setting u; =0, i ¢ I, v; =0, j ¢ Jr, and w,, =0, k ¢ K,, we
obtain

qﬁ(Zu,[f,( /\gz +ZU] )—i—ZMka(x)
=1 _
- {Zuz'[fi(y)—Agi(y)HZ% +Zw1ch })
=1

7j=1 k=1
p T
< {Z (V2 £ (1)~ AVgi (1) +Z 0 V26 )+ wp V2 Hi(y) }2)
i=1 j=1 k=1
{3 wlpite )+ A+ D v+ > ey oGyl
i€l jedy kEK.

Because of the dual feasibility of S, (3.1), (3.2), and (vi), the above inequality
becomes

q

(Zuz filx) = Agi(@)] + Y 0;Gj(x)

=1

+Z wka(:r)—{ Z [fz /\gz +Z ’UJ )+Z wka(y)}) Z 0.
k=1 i=1 k=1
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But ¢(a) > 0= a > 0, and hence

> wilfi(e) = Agi(@)] + D v;Gj(x)
i=1 j=1

+3 wiH (@)~ { D wilfi(y) ~Agi(w)]+ D viGy(y)+ Y wiHily) b > 0.
k=1 i=1 k=1

J=1

In view of the primal feasibility of x and (3.3), this inequality further reduces
to

(3.10) > uilfi(x) = Agi(x)] = 0.
i=1

Now using (3.10) and Lemma 3.1, we obtain the weak duality inequality as

follows:
Sy aifi(z) i wifi(x)

o(r) = max > >\

acU Y0 aigi(z) — Y04 uigi(w)

(b): Using the dual feasibility of S, nonnegativity of p(x,y), (3.1), and
(3.2), we obtain the following inequality:

(VL. 0,0, )1, )) + 5 (), PP Ly, 0,0, 0)2) 2 0
> —p(l‘,y)Hg(ﬂf,y)Hm,

which in view of our (¢, 7, (, p, 8, m)-pseudosonvexity assumption implies
that
(b(L(ﬂ?, u,v,w, A) - L(yu u, v, w, )‘)) > 0.

Since ¢(a) > 0 = a > 0, we have
L(z,u,v,w, \) — L(y,u,v,w, \) > 0.

Because z € F, v > 0, and (3.3) holds, we get

p

> wilfi(w) = Agi(x)] > 0,

i=1
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which is precisely (3.10). As seen in the proof of part (a), this inequality
leads to the desired conclusion that p(z) > A. =

Theorem 3.2 (Strong Duality) Let x* be a normal optimal solution of (P),
let \* = @(x*), and assume that either one of the two sets of conditions
specified in Theorem 3.1 is satisfied for all feasible solutions of (DI). Then
for each z* € C(xz*), there exist u* € U, v* € RY, and w* € R" such that
S* = (x*, 2%, u*, v*,w*, X\*) is an optimal solution of (DI) and p(z*) = \*.

Proof. Since z* is a normal optimal solution of (P), by Theorem 2.1,
for each z* € C(x*), there exist u*, v*,w*, and \*(= ¢(z*)), as specified
above, such that §* is a feasible solution of (DI). If &* were not optimal,
A >\ = @(x*) contradicting Theorem 3.1. Therefore, $* is an optimal
solution of (DI). m

We also have the following converse duality result for (P) and (DI).

Theorem 3.3 (Strict Converse Duality) Let x* be a normal optimal
solution of (P), let S = (Z,Z, A\, 4,0, w) be an optimal solution of (DI), and
assume that either one of the following two sets of hypotheses is satisfied:

(a) The assumptions of part (a) of Theorem 3.1 are satisfied for the
feasible solution S of (DI), ¢(a) > 0 = a > 0, and f; is strictly
(¢,m, C, piy 0, m)-sonvex at T for at least one index i € I, (), or —g;
is strictly (¢,n, ¢, pi, 0, m)-sonvezr at & for at least one index i € I (1)
(and X > 0), or G is strictly (¢,1,¢, pj, 0, m)-sonvex at & for at least
one index j € Jy(0), or Di(-,w) is strictly (¢,n,C, px, 0, m)-sonvex
at T for at least one index k € K.(0), or } icq, (a Wilpi(a*, @) +

MNoi(2* B)] + ey, o) D3P (05 E) + Dpere. ) Pr(a™, ) > 0.

(b) The Lagrangian-type function w — L(w,N,N,u?,S\) is strictly
(¢,m, ¢, p,0,m)-pseudosonver at &, p(z*,Z) > 0, and ¢(a) > 0 =
a > 0.

Then & = x*, that is, & is an optimal solution of (P), and ¢(z*) = \.
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Proof. (a) : Since z* is a normal optimal solution of (P), by Theorem 2.1,
there exist z* € R", v* € U, v* € R%, w* € R", and \*(= ¢(z*)) such that
S* = (2%, 2%, u*, v*, w*, \*) is an optimal solution of (DI) and p(x*) = \*.
Suppose to the contrary that & # z*. Now proceeding as in the proof of
Theorem 3.1 (with z replaced by z* and S by S) and using any of the
conditions set forth above, we arrive at the strict inequality

S @lfi(x") — Agi(z*)] > 0.
=1

Now using this inequality in conjunction with Lemma 3.1, as in the proof
of part (a) of Theorem 3.1, we arrive at the strict inequality o(z*) > A
which contradicts the fact that o(2*) = A* = X. Therefore, we conclude
that & = 2* and @(z*) = \.

(b) : The proof is similar to that of part (a). m

4 Concluding Remarks

Based on a Dinkelbach-type [6] parametric approach, we have formulated
second-order parametric duality model for a discrete minmax fractional
programming problem and established a multiplicity of duality theorems
using a variety of generalized (¢,n,(,p,0, m)-sonvexity assumptions.
Furthermore, the results obtained here seem to be useful for investigating
some other aspects of nonlinear programming problems, especially the
sufficient optimality and duality aspects of the following semiinfinite
minmax fractional programming problem:

fi(x)

Minimize max
1<i<p g;(x)

subject to
Gj(xz,t) <0 forallt € Tj, jeq,
Hi(xz,s) =0 forall s€ Sy, ker,
e X,
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where X, f;, and g;, i € p, are as defined in the description of (P), for each
j€qand k er, T; and E’k are compact subsets of complete metric spaces,
for each j € ¢, £ — G;(&,t) is a real-valued function defined on X for all
t € Tj, for each k € r, £ — Hy, (&, s) is a real-valued function defined on X
for all s € Sy, for each j € gand k € r, t — Gj(z,t) and s — Hy(z,s) are
continuous real-valued functions defined, respectively, on T} and Sj for all
r e X.
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