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Remarks on E-Strongly Convex Functions
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ABSTRACT. Starting from E-convex functions introduced by Youness and strongly
convex functions introduced by Polyak we define and study FE-strongly convex
functions and FE-strongly midconvex functions. We give a characterization of
E-strongly convex functions using divided differences. We establish a connection
between FE-strongly midconvex functions and E — F-midconvex functions. A
characterization of E-strongly midconvex functions in normed space is also done.
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1 Preliminary Notions and Results

The concepts of FE-convex sets and F-convex functions have been
introduced by Youness in [10]. Strongly convex functions have been
introduced by Polyak in [7] and play an important role in optimization
theory.

In [6] Lupsa gives a characterization of E-convex functions using divided
differences. Some other properties of E-convex functions are also studied
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in [4]. In [5] Ger and Nikodem establise a characterization of strongly
convex functions using divided differences. Starting from strongly convex
functions with modulus ¢ and from FE-convex functions we define and study
FE-strongly convex functions with modulus c¢. We will give a characterization
of E-strongly convex functions using divided differences.

Firstly we recall the definitions of E-convex sets, E-convex functions,
strongly convex functions and strongly midconvex functions. Finally we
recall the definitions of divided differences of order n. Using divided
differences of order n, Popoviciu has introduced the notion of convex
function of order n. A very important study of the properties of this class
of functions can be found [9] and in [8].

Definition 1.1 [10] Let E : R™ — R"™ be a function. A set A C R" is called
E-conver if tE(x) + (1 — t) E(y) € A, for every pair of points x,y € A and
every t € [0,1].

Definition 1.2 [10] Let A C R™ be a nonempty E-convex set. A function
f:A— R is called E-convex on A if

fE(x) + (1 =1) E(y)) <tf(E(x) + (1 —1) f(E(y)),

for every pair of points x,y € A and every t € [0,1].

Definition 1.3 [7] Let I C R be an interval and ¢ > 0 be a real number. A
function f : I — R is called strongly conver with modulus c if

flta+ 1=ty <tf@)+ 1 —8) fly) —ct(1—t) (@ —y)’

for every pair of points x,y € I and every t € [0, 1].

Definition 1.4 [7] Let I C R be an interval and ¢ > 0 be a real number. A
function f: I — R s called strongly midconvex with modulus c if

f <mT+y> < f(fv);Lf(y) _£($_y)2

for every pair of points x,y € I.
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We recall now the definition of divided differences. Let A C R be a
nonempty set and let f : A — R be a function. Let n € N and let
Z1,T9, - ,Tpt1 be distinct elements of A. Divided difference of order n
on the points x1,za, -+, Tp41 is denoted by [z1,x2, -, Tpi1; f]-

If n = 0, by definition

[th] = f(xl)v
anf if n > 1, then the divided differece of order n is defined by
[:L‘17I2’xn+17f} — [$27$3,-.- ,$n+17f] - [:Ul,fL'2’~.. 7'1"727]0]
Tpy1l — L1

2 FE-Strongly Convex Functions and their
Characterization by Divided Differences

Starting from strongly convex functions with modulus ¢ and from
FE-convex functions we define and study FE-strongly convex functions with
modulus c.

Definition 2.1 Let £ : R — R be a function and A C R be a nonempty
E-convex set. Let ¢ > 0 be a real number. A function f: A — R is called
E-strongly convex with modulus c if

(2.1) f(E(x)+ (1 —1) E(y))
<tf(B(x) + (1—1) f(E(y) —ct (1 —t) [E(x) — E(y)]?
for every pair of points x,y € A and every t € [0,1]).

Theorem 2.1 Let E : R — R be an injective function and A C R be a
nonempty E-convex set. Let ¢ > 0 be a real number. A function f: A — R
18 E-strongly convex with modulus c if and only if

[E(x),y,E(2); fl = ¢,

for every pair of points x,z € A and every y € (E(x),
(E(z), E(z)) is the open segment having the end points E(x),

(2)), where

E
E(z).
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Proof. Let x and z be two arbitrary elements of the set A and let y €
(E(z),FE(z)). Hence there is t € (0,1) such that y = tE (x)+ (1 —t) E'(2).

From the definition of divided differences we have
1 fEQR)-fW) fly)-f(E@®)
E(z) - E(2) E(z)—y y—E(2)
_tf(E@)+ A=t f(E() - f)
t(1—1)[E(z) - E(2))?

[E(z),y, E(2); f] =

(2.2)

Necessity. If the function f is E-strongly convex with modulus ¢, then
from (2.1) and (2.2) we obtain that [F (z),y, E (2); f] > c.

Sufficiency. If we have [E (z),y, E (2); f] > ¢, then (2.2) implies

tf (E(2)+(1—t)f(E(2) = f(y) = et (1 =) [E(2) = E (2)]*.

Hence

fAE(@)+ (1 —t)E(2) <tf(E(z)+ (1 -1)f(E(2))
—ct(1—t)[E(2) — E (x)%.

Since ¢ is arbitrarly chosen in (0, 1), we get that the function f is E-strongly
convex with modulus c. =

3 E — F-Midconvex Functions

We define FE-strongly midconvex functions with modulus ¢ and
FE-midconvex functions with respect to a two-parameter family F. We
establish a connection between FE-strongly midconvex functions and
F-midconvex functions with respect to F, F conveniently chosen, similar
to that obtained in [1] for strongly midconvex functions.

Definition 3.1 Let £ : R — R be a function and A C R be a nonempty
E-convex set. Let ¢ > 0 be a real number. A function f: A — R is called
E-strongly midconvex with modulus c if (2.1) is satisfied for t = %, that is



DANIELA MARIAN 31

f

<E(I) + E(y)> < F(E@) + f(EQ))
2 2

for every pair of points x,y € A.

Let F be a family of continuous real functions defined on an a set A C
R. F is said to be a two-parameter family for A if for any two points
(x1,9y1), (x2,y2) € A x R with x; # xo there exists exactly one ¢ € F such
that

o (x;) =y;,i=1,2.

The unique function ¢ € F will be denoted by ¢z, 1) (22,y2)-

If the set A is an interval, Beckenbach has introduced in [2] the notion
of convex functions with respect to F and in [3] the notion of midconvex
functions with respect to F. In [8] E. Popoviciu has introduced the notion
of convex function with respect to F in case the set A C R is not an interval.

Definition 3.2 [3/ A function f: A — R is called midconver with respect
to F (shortly, F-midconvex) if

1+ 2 L1+ 2
f ( 5 ) < oy, f(21)) (w2, f (x2)) ( 9 )

for every pair of points x1,x9 € A, x1 < 9.

We define now E-midconvex functions with respect to F.

Definition 3.3 Let £ : R — R be a function and A C R be a nonempty
E-convex set. A function f: A — R is called E-midconvexr with respect to

F (shortly, E — F-midconvez) if

E(x1) + E(x2) < E(x1) + E(x2)
f 92 = P(E(21),f(E(x1))),(E(x2),f(E(z2))) 2

for every pair of points x1,19 € A, 1 < To.

Let £ : R — R be a one to one function, A C R be a nonempty FE-convex
set and let ¢ > 0 be a real number. Let f : A — R. We consider the
two-parameter family F. := {ca:2 +ax+b|abe R} C RA.
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We remark that if F is one-to-one on A, then the family F. is a
two-parameter family for F(A).

Theorem 3.1 Let E : R — R be a one to one function, A C R be a
nonempty E-convex set and let ¢ > 0 be a real number. A function f :
A — R is E-strongly midconvex convexr with modulus ¢ if and only if it is
E — F.-midconvez.

Proof. Let x1,29 € A, 21 ;é Zo. Since E is one-to-one on A, there exists a

unique function © = Qg f(E@)),(E@s).f(Exs)) € Fer 0(x) = cx’+az+Db
such that o(E(z;)) = f( ( i)),i = 1,2. Therefore

z +E (22 (21 —|—E(ZC2) E(x1) + E(x2)
o(FE ) =e(F ) ot
E (21)* 4-zE(x1yE(x2)+.E(xg2
4

aE(acl) + E(x3) 4
2

E (21)* + aF (z1) + b}

+b

=C

=5 e
H@@<mmm+ﬂ
2[ —2E :L'l)E(332)+E($2)2]
¢ (B (z ))+<P(E(

- T B € p) - B

Consequently f is E-strongly midconvex convex with modulus c if and only
if it is £ — F.-midconvex. ®

4 Characterization of E-strongly midconvex
functions in normed space

Definition 4.1 [7] Let X be a normed space, A C X be a convex subset of
X and let ¢ > 0 be a real number. A function f: A — R is called strongly
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convex with modulus c if

(4.1) flt+ (1 =t)y) <tf(x)+(L—1) fly) —ct(L—t) |z —yl”

for every pair of points x,y € A and every t € [0, 1]

Definition 4.2 [7] Let X be a normed space, A C X be a convex subset of
X and let ¢ > 0 be a real number. A function f: A — R is called strongly
midconvex convex with modulus c if (4.1) is satisfied for t = %, that is

TEH I R

9 9 —1||~’U—y

for every pair of points x,y € A.
Definition 4.3 Let X be a normed space, £ : X — X be a function and

A C X be a nonempty E-conver set. A function f : A — R is called
E-midconvez if

f

(E(w) +E(y)) < J(E@) + [(EQy))
2 2

for every pair of points x,y € A.

Definition 4.4 Let £ : X — X be a function and A C X be a nonempty
E-convex set. Let ¢ > 0 be a real number. A function f: A — R is called
E-strongly midconvexr with modulus c if

B(e)+ EG)\ _ J(E@) + F(EW)
f( : )s .

c
- S1B@) - B
for every pair of points x,y € A.

We give a characterization of E-strongly midconvex function similar to that
of strongly midconvex functions established in [1].

Theorem 4.1 Let X be a mnormed space whose mnorm satisfies the
parallelogram low. Let E : X — X be a function and A C X be a nonempty
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E-convex set. Let ¢ > 0 be a real number. A function f : A — R is
E-strongly midconver with modulus ¢ if and only if the function g: A — R

g(2) = f () — cllzl?,

1s E-midconvex.

Proof. We assume first that f is E-strongly midconvex with modulus c.
We apply the Jordan-von Neumann parallelogram low and we have

E(z) + E(y) E) + E(y)
g (#) =/ <f> -
_ J(B@) + [(EW)
< 2
— ZIB@) + Ew)|P
= LBV IEW) _ £ o + 2126)17)
9(E(x)) + g(E(y))
2

E(z) + E(y)||*

2

- <IE@) - E@)|?

which proves that ¢ is E-midconvex.

Conversely, if g is E-midconvex, then

2

BE(x)+ E(y)\ _ (E@)+E(y) E(z) + E@y)
(2 ()
< B HolEG) | | B+ B :
- 2 2
_9(E@) + | E@)* | g(E) +cllEW@)]
2 * 2
+ 2 (IE@) + E@)I* - 21 E@)|I* - 2| Ew)]*)

hence f is E-strongly midconvex with modulus c. =
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