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Abstract. In this paper we consider a deformed version of the T system obtained
via integrable deformation method. We discuss the number of the equilibrium
points as well as their stability. Moreover, we point out some bifurcations displayed
by the considered system.
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1 Introduction

The study of the stability and bifurcations represents a fundamental
part for understanding the dynamics of evolution systems. The systems
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obtained by perturbations of the known systems can display the same
behavior or not. A particular perturbation is given by the so called
integrable deformation [6]. More precisely, if a three-dimensional system
of ODEs has two functionally independent constants of motion, then these
functions lead to the equations of motion. Therefore, an alteration of the
constants of motion gives rise to a new system that has also two constants
of motion (see integrable deformations of the Euler top [6]). Using this
idea integrable deformations of some three-dimensional Hamilton-Poisson
systems were constructed [10, 11, 13]. In [12], this method was extended to
arbitrary three-dimensional system of differential equations and applied to
some well-known chaotic systems (Lorenz system, Rössler system, and Chen
system). Moreover, the idea that new chaotic systems can be obtained by
this method was highlighted.

Due to their applications (see, e.g., [1, 3, 4, 16, 22]), more and more
systems with chaotic behavior were introduced. Such a system is the T
system [17], given by

(1.1)






ẋ = −ax + ay
ẏ = (c − a)x − axz
ż = −bz + xy

, a, b, c ∈ R, a 6= 0.

Using the method considered in [12], some deformations of the T system
were constructed in [14]. We recall this result.

Theorem 1.1 [14] Let α, β be arbitrary differentiable functions on R3.
Then an integrable deformation of system (1.1) is given by the following
system

(1.2)






ẋ = −ax + ay + x(azαy − yαz + αyβz − αzβy)
ẏ = (c − a)x − axz − x(βz + azαx + αxβz − αzβx)
ż = −bz + xy + x(βy + yαx + αxβy − αyβx)

,

a, b, c ∈ R, where we denote fx :=
∂f

∂x
.

The functions α and β are called deformation functions. If their vanish,
then (1.2) becomes the T system.
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In this paper we consider the deformation functions given by

α(x, y, z) = gz , β(x, y, z) = 0,

where g ∈ R is the deformation parameter. We obtain the following
integrable deformation of the T system:

(1.3)






ẋ = −ax + ay − gxy
ẏ = (c − a)x − axz
ż = −bz + xy

, a, b, c ∈ R, a 6= 0, g ∈ R.

In [14], the case a = 2, b = 0.2, c = 30 was considered. The chaotic behavior
was pointed out. In this paper we discuss the stability of the equilibrium
points of system (1.3). In addition, we verify the possibility that this system
to display some bifurcations.

The paper is organized as follows. In Section 2 we study the stability of
the particular considered system. The new system has a new parameter g,
which is in fact a tunning parameter. The number of equilibrium points of
the considered system depends on the values of the parameter g. We notice
two bifurcation values of g for which the number of the equilibrium points
changes. In Section 3 we analyze conditions in which Hopf bifurcations
occur in the dynamics of the considered system. In the final section we give
concluding remarks.

2 Stability of a deformed version of the T system

In this section we study the stability of system (1.3). Consider a, b, c ∈
(0,∞) and g ∈ R.

We recall that if a, b, c ∈ (0,∞), then the T system has three equilibrium
points for c > a and one equilibrium point for c ≤ a [17]. In our case, the
number of the equilibrium points depends on the parameter g.

Next result gives the equilibrium points of system (1.3).

Proposition 2.1 Let a, b, c ∈ (0,∞), g ∈ R and g1 = −2
√

a3

ab−bc , g2 =

2
√

a3

ab−bc .

i) If c > a or c < a and g ∈ (−∞, g1)∪ (g2,∞), then system (1.3) has three
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equilibrium points, namely

E0(0, 0, 0), E1(x1,−x2,
c − a

a
), E2(x2,−x1,

c − a

a
),

where

x1 =
bg(a − c) −

√
b(c − a)(4a3 − abg2 + bcg2)

2a2
,

x2 =
bg(a − c) +

√
b(c − a)(4a3 − abg2 + bcg2)

2a2
.

ii) If c < a and g = g1 or g = g2, then system (1.3) has two equilibrium
points, E0 and E−

1 or E+
1 , where

E−
1 (−

√
b(a − c)

a
,

√
b(a − c)

a
,
c − a

a
) , E+

1 (

√
b(a − c)

a
,−

√
b(a − c)

a
,
c − a

a
).

iii) If a = c or c < a and g ∈ (g1, g2), then system (1.3) has only one
equilibrium point, namely E0.

Remark 2.1 Fixing a, b, c ∈ (0,∞) such that c < a, the number of
equilibrium points changes at the bifurcation points g = g1 and g = g2,
while T system has only one equilibrium point.

In the following we give some stability results of the above-mentioned
equilibrium points.

In order to study the stability of the equilibrium point E0, we have used
the same technique as in [17]. We have obtain that the stability of E0 doesn’t
depend on g and the result is the same.

Proposition 2.2 Let a, b, c ∈ (0,∞), g ∈ R.
i) If c ≤ a, then the equilibrium point E0(0, 0, 0) is asymptotically stable;
ii) If c > a, then E0(0, 0, 0) is an unstable equilibrium point.

In the following we study the stability of other equilibrium points.

First, we need to consider the following equation, which is obtained in
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the proof of the next proposition:

(2.1) − 4a11 + 4a10c − 4a9bc − a9c2 + 2a8bc2 − a7b2c2 +
(
9a9b − 4a8b2−

−4a7b3 − 18a8bc + 9a7b2c + 8a6b3c + 9a7bc2 − 5a6b2c2 − 4a5b3c2
)
μ2

+(−6a7b2 +5a6b3 +a5b4 +18a6b2c−15a5b3c−3a4b4c−18a5b2c2 +15a4b3c2

+ 3a3b4c2 + 6a4b2c3 − 5a3b3c3 − a2b4c3)μ4

+
(
a5b3 − a4b4 − 4a4b3c + 4a3b4c + 6a3b3c2 − 6a2b4c2 − 4a2b3c3 + 4ab4c3

+ab3c4 − b4c4
)
μ6 = 0.

The real roots of this equation are denoted by g∗1 , g
∗
2 , g

∗
3 , g

∗
4 and so on, and

they are increasing ordered provided that exists.

Using MATHEMATICA software, we obtain the following results.

Proposition 2.3 Let a, b, c ∈ (0,∞), g ∈ R, such that c > a.

i) E1 is asymptotically stable iff a ≤ b or a > b, c <
2a2

a − b
, g < g∗2 or

a > b, c ≥
2a2

a − b
, g < g∗1;

ii) E2 is asymptotically stable iff a ≤ b or a > b, c ≤
2a2

a − b
, g > g∗1 or

a > b, c >
2a2

a − b
, g > g∗2.

Proof. i) According to Routh-Hurwitz Theorem [7], a polynomial

P (λ) = λ3 + a1λ
2 + a2λ + a3

with real coefficients has all roots with strictly negative real part if and only
if

a1 > 0, a3 > 0, a1a2 − a3 > 0.

In our case, the characteristic polynomial of the linearized of system (1.3)
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at E1 has the coefficients

a1 =
2a4 + 2a3b − a2bg2 + abcg2 − agΔ

2a3
,

a2 =
2a3bc − ab2cg2 + b2c2g2 − 2abgΔ + bcgΔ

2a3
,

(2.2)

a3 =
−4a5b + 4a4bc + a3b2g2 − 2a2b2cg2 + ab2c2g2 − a2bgΔ + abcgΔ

2a3
.

where Δ =
√

b(−a + c) (4a3 − abg2 + bcg2). We get a1 > 0, a2 > 0, a3 > 0.
Moreover, a1a2 − a3 > 0 iff the conditions given by hypothesis hold. Then
the conclusion follows. We mention that equation (2.1) represents in fact
the condition a1a2 − a3 = 0.
ii) Analogously.

Remark 2.2 In order to highlight the dependence of the stability of the
equilibrium points E1 and E2 by the real parameter g, we gather the stability
results in Table 1. Mention that g∗1 = g∗2 = 0 in the case c = 2a2

a−b .
The abbreviations AS and U signify asymptotically stable and unstable,
respectively.

E1

g

(−∞, g∗1) (g∗1 , g
∗
2) (g∗2 ,∞)

c < 2a2

a−b AS AS U

c > 2a2

a−b AS U U

E2

g

(−∞, g∗1) (g∗1 , g
∗
2) (g∗2 ,∞)

c < 2a2

a−b U AS AS

c > 2a2

a−b U U AS

Table 1: Stability of the equilibrium points E1 and E2 in the case c > a > b.
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In the same manner as in the previous proposition we have obtained the
next result.

Proposition 2.4 Let a, b, c ∈ (0,∞), g ∈ R, such that c < a.

1. Let g < −2
√

a3

ab−bc . Then

i) E1 is asymptotically stable iff 2b
3 ≤ a < b, g < g∗1 or a < 2b

3 , c <
2a2−3ab
2(a−b) − 1

2

√
4a4+a2b2

(a−b)2
, g < g∗2 or a < 2b

3 , c ≥ 2a2−3ab
2(a−b) − 1

2

√
4a4+a2b2

(a−b)2
, g < g∗1;

ii) E2 is unstable.

2. Let g > 2
√

a3

ab−bc . Then

i) E1 is unstable.
ii) E2 is asymptotically stable iff 2b

3 ≤ a < b, g > g∗4 or a < 2b
3 , c ≤

2a2−3ab
2(a−b) − 1

2

√
4a4+a2b2

(a−b)2
, g > g∗3 or a < 2b

3 , c > 2a2−3ab
2(a−b) − 1

2

√
4a4+a2b2

(a−b)2
, g > g∗4.

3. Let g = −2
√

a3

ab−bc . Then the equilibrium point E−
1 is unstable.

4. Let g = 2
√

a3

ab−bc . Then the equilibrium point E+
1 is unstable.

3 Bifurcations

In this section we present some bifurcations that occur in the dynamics
of the considered system.

In [8, 21] the Hopf bifurcations in T system was analyzed. We recall
the results, namely T system cannot have a Hopf bifurcation at O(0, 0, 0)
and it undergoes a Hopf bifurcation at the equilibrium point E1 (E2) when
c = 2a2

a−b (0 < b < a < c).
We note that system (1.3) can be viewed as the T system with the

parametric control u(x, y, z) = −gxy, where g is a tunning parameter (see,
e.g., [4]). Therefore we will consider g as the bifurcation parameter and we
fix the other parameters such that c > a > b > 0. Following the proof of
Proposition 2.3, the equilibrium points E1 and E2 are hyperbolic points,
generally. Moreover, the eigenvalues of the linearized of our system at E1

and E2 cannot vanish, hence a saddle-node bifurcation is not possible. In the
sequel we prove that system (1.3) displays Hopf bifurcations. The transition
between asymptotically stable states and unstable states given in Table 1
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suggests that g∗1 and g∗2 are critical values of bifurcation of the parameter g,
considering a, b, c fixed.

Proposition 3.1 Let c > a > b fixed and g ∈ R.
i) If c < 2a2

a−b , then for g = g∗1 and g = g∗2 system (1.3) displays a Hopf
bifurcation at the point E2 and E1 respectively.
ii) If c > 2a2

a−b , then for g = g∗1 and g = g∗2 system (1.3) displays a Hopf
bifurcation at the point E1 and E2 respectively.

Proof. Let g = g∗2 . Then a1a2 − a3 = 0, where a1, a2, a3 are functions that
depend on g given by (2.2). Hence the characteristic polynomial P (λ, g) =
λ3 + a1λ

2 + a2λ + a3 of the linearized of system (1.3) at E1 reads

P (λ, g∗2) = (λ + a1(g
∗
2))(λ

2 + a2(g
∗
2)),

that is its roots are λ1 = −a1(g∗2) < 0, λ2,3 = ±i
√

a2(g∗2). Moreover, if
g < g∗2, then a1a2 − a3 > 0 and if g > g∗2 , then a1a2 − a3 < 0. Because
a1, a2, a3 > 0, for all g ∈ R, it follows that λ1 = λ1(g) < 0, for each g.
It only remains to prove that in a neighborhood of g = g∗2 the eigenvalues
λ2,3(g) are not reals.

Let λ(g) = u(g)+ iv(g) such that u(g∗2) = 0 and v(g∗2) =
√

a2(g∗2). Using
the Implicit Function Theorem we obtain that there is a neighborhood U of
g = g∗2 such that the equation (Re(P (λ, g)), Im(P (λ, g))) = (0, 0) defines a
continuously differentiable function (u(g), v(g)) and

u′(g∗2) =
a′3(g

∗
2) − a′1(g

∗
2)a2(g∗2) − a1(g∗2)a

′
2(g

∗
2)

2a2
1(g

∗
2) + 2a2(g∗2)

,

v′(g∗2) =
a1(g∗2)a

′
3(g

∗
2) + a2(g∗2)a

′
2(g

∗
2) − a1(g∗2)a2(g∗2)a

′
1(g

∗
2)

2a2
1(g

∗
2) + 2a2(g∗2)

,

where w′(g∗2) = dw
dg (g∗2). In our case we generally get u′(g∗2) 6= 0, v′(g∗2) 6= 0,

hence u and v do not vanish on U \ {g∗2}. Therefore our system displays a
Hopf bifurcation at the point E1.

The other cases follow analogously.

Remark 3.1 Let a, b be fixed. In the light of the Hopf bifurcation result of
T system, the above result tells us that for every c there is a value of g such
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that the considered deformation of system T undergoes a Hopf bifurcation.
Moreover, if c = 2a2

a−b , then g = 0, that is we obtain the above-mentioned
Hopf bifurcation of the T system.

Remark 3.2 In order to establish if the Hopf bifurcation is nedegenerate,
the computation of the value of the first Lyapunov coefficient at g = g∗ is
necessary (see, e.g., [9]).

To emphasize the Hopf bifurcation, we perform a numerical simulation using
MATCONT software. We consider a = 2, b = 1, c = 3, hence c < 2a2

a−b , and
we obtain g∗1 = −2 and g∗2 = 2. Then for g = g∗2 the eigenvalues of the
equilibrium point E1(−1,−0.5, 0.5) are λ1 = −2, λ2,3 = ±1.73205 and the
first Lyapunov coefficient is l1(E1) = −0.1449275. Therefore a supercritical
Hopf bifurcation is pointed out.

4 Conclusions

In this paper we analyze a deformed version of the T system. The new
parameter g introduced in the system leads to a discussion on the number
of equilibrium points and their stability. In addition, we establish that Hopf
bifurcations occur in the considered system for any c, when g varies.

Further studies of the considered system regarding dynamics, complexity,
control, and synchronization are possible (see, e.g., [2, 4, 5, 15, 18, 19, 20]).
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