
Annals of the Tiberiu Popoviciu Seminar
of Functional Equations, Approximation and Convexity

ISSN 1584-4536, vol 16, 2018(2019), pp. 25–35.

Differential sandwich theorem for analytic

functions defined by a generalized multiplier

transformations

Adriana Cătaş
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Abstract. In the present paper we introduce certain differential subordination
and superordination properties for analytic functions involving a generalized
multiplier transformation which include as special cases the Ruscheweyh derivative
operator and the generalized Sălăgean operator introduced by Al-Oboudi. Applying
the techniques of differential subordination and superordination we also establish
differential sandwich-type theorems.
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1 Introduction

Let H = H(U) denote the class of functions analytic in the unit disc

U = {z ∈ C : |z| < 1}.

For a ∈ C and n ∈ N let H[a, n] be the subclass of H(U) consisting of
functions of the form

f(z) = a + anzn + an+1z
n+1 + ∙ ∙ ∙ .

Let
An = {f ∈ H(U), f(z) = z + an+1z

n+1 + ∙ ∙ ∙ }

with A1 := A.

We denote by Q the set of functions f that are analytic and injective on
U \ E(f), where

E(f) =

{

ζ ∈ ∂U : lim
z→ζ

f(z) = ∞

}

and are such that f ′(ζ) 6= 0 for ζ ∈ ∂U \ E(f).

Since we use the terms of subordination and superordination, we review
here those definitions.

Let f, F ∈ H. The function f is said to be subordinate to F or F is said
to be superordinate to f , if there exists a function w analytic in U , with
w(0) = 0 and |w(z)| < 1, and such that f(z) = F (w(z)). In such a case we
write f ≺ F or f(z) ≺ F (z). If F is univalent, then f ≺ F if and only if
f(0) = F (0) and f(U) ⊂ F (U).

Since most of the functions considered in this paper and conditions on
them are defined uniformly in the unit disk U , we shall omit the requirement
”z ∈ U”.

Let ψ : C3×U → C, let h be univalent in U and q ∈ Q. In [7] the authors
considered the problem of determining conditions on admissible function ψ
such that

(1.1) ψ(p(z), zp′(z), z2p′′(z); z) ≺ h(z)
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implies p(z) ≺ q(z), for all functions p ∈ H[a, n] that satisfy the differential
subordination (1.1).

Moreover, they found conditions so that the function q is the ”smallest”
function with this property, called the best dominant of the subordination
(1.1).

Let ϕ : C3 × U → C, let h ∈ H and q ∈ H[a, n]. Recently, in [8] the
authors studied the dual problem and determined conditions on ϕ such that

(1.2) h(z) ≺ ϕ(p(z), zp′(z), z2p′′(z); z)

implies q(z) ≺ p(z), for all functions p ∈ Q that satisfy the above differential
superordination.

Moreover, they found conditions so that the function q is the
”largest” function with this property, called the best subordinant of the
superordination (1.2).

For two functions

f(z) = z +
∞∑

n=2

anzn and g(z) = z +
∞∑

n=2

bnzn,

the Hadamard product of f and g is defined by

(f ∗ g)(z) := z +
∞∑

n=2

anbnzn.

2 Preliminaries

We begin our investigation by recalling here a generalized differential
operator defined in [5].

Definition 2.1 Let the function f be in the class An. For m,β ∈ N0 =
{0, 1, 2, . . . }, λ ≥ 0, l ≥ 0, we define the following differential operator

(2.1) Im(λ, β, l)f(z) := z +
∞∑

k=n+1

[
1 + λ(k − 1) + l

1 + l

]m

C(β, k)akz
k
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where

C(β, k) :=

(
k + β − 1

β

)

=
(β + 1)k−1

(k − 1)!

and

(a)n :=

{
1, n = 0
a(a + 1) . . . (a + n − 1), n ∈ N = N0 \ {0}

is Pochhamer symbol.

Using simple computation one obtains the next result.

Proposition 2.1 For m,β ∈ N0, λ ≥ 0, l ≥ 0 we have

(2.2) z(Im(λ, β, l)f(z))′ = (1 + β)Im(λ, β + 1, l)f(z) − βIm(λ, β, l)f(z).

Remark 2.1 Special cases of this operator includes the Ruscheweyh
derivative operator denoted by I0(1, β, 0)f(z) ≡ Dβ defined in [9], the
Sălăgean derivative operator Im(1, 0, 0)f(z) ≡ Dm, studied in [10], the
generalized Sălăgean operator Im(λ, 0, 0) ≡ Dm

λ introduced by Al-Oboudi in
[1], the generalized Ruscheweyh derivative operator I1(λ, β, 0)f(z) ≡ Dλ,β

introduced in [6], the operator Im(λ, β, 0) ≡ Dm
λ,β introduced by K. Al-Shaqsi

and M. Darus in [2] and finally the operator Im(λ, 0, l) ≡ I1(m,λ, l)
introduced in [4].

In this paper, we will derive several subordination and superordination
results involving the operator Im(λ, β, l). In order to prove our main results,
we also need the following results.

Lemma 2.1 [7] Let q be univalent in U , γ ∈ C∗ and suppose

<

[

1 +
zq′′(z)
q′(z)

]

> max

{

0,−<
1
γ

}

.

If p is analytic in U , with p(0) = q(0) and

p(z) + γzp′(z) ≺ q(z) + γzq′(z),

then p ≺ q, and q is the best dominant.
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Lemma 2.2 [3] Let q be convex in U , q(0) = a and γ ∈ C, <γ > 0.
If p ∈ H[a, 1] ∩ Q, the function p(z) + γzp′(z) is univalent in U and

q(z) + γzq′(z) ≺ p(z) + γzp′(z)

then
q(z) ≺ p(z)

and q is the best subordinant.

3 Main results

Theorem 3.1 Let q be univalent in U with q(0) = 1, α ∈ C∗ = C \ {0},
m,β ∈ N0 = {0, 1, 2, . . . } and suppose

<

{

1 +
zq′′(z)
q′(z)

}

> max

{

0,−<
β + 1

α

}

.

If f ∈ An satisfies the subordination

(3.1) (1−α) ∙
Im(λ, β, l)f(z)

z
+α ∙

Im(λ, β + 1, l)f(z)
z

≺ q(z)+
α

β + 1
zq′(z)

then
Im(λ, β, l)f(z)

z
≺ q(z)

and q is the best dominant.

Proof. We define the function

(3.2) p(z) :=
Im(λ, β, l)f(z)

z
.

Differentiating (3.2) with respect to z and using the identity (2.2) in the
resulting equation we have

zp′(z)
p(z)

= (β + 1)

(
Im(λ, β + 1, l)

Im(λ, β, l)
− 1

)

.
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Therefore, one obtains

(1 − α) ∙
Im(λ, β, l)f(z)

z
+ α ∙

Im(λ, β + 1, l)f(z)
z

= p(z) +
α

β + 1
zp′(z).

The subordination (3.1) from the hypothesis becomes

p(z) +
α

β + 1
zp′(z) ≺ q(z) +

α

β + 1
zq′(z).

We apply now Lemma 2.1 with γ =
α

β + 1
to obtain the conclusion of

our theorem.
If we consider m = 0 and β = 0 in Theorem 3.1, we obtain the following

result.

Corollary 3.1 Let q be univalent in U with q(0) = 1, α ∈ C∗ = C \ {0}
and suppose

<

{

1 +
zq′′(z)
q′(z)

}

> max

{

0,−<
1
α

}

.

If f ∈ An satisfies the subordination

(3.3) (1 − α) ∙
f(z)

z
+ α ∙ f ′(z) ≺ q(z) + αzq′(z)

then
f(z)

z
≺ q(z)

and q is the best dominant of (3.3).

We consider a particular convex function q(z) =
1 + Az

1 + Bz
to give the

following application to Theorem 3.1.

Corollary 3.2 Let α ∈ C, A 6= B be such that −1 ≤ B < A ≤ 1 and
<α > 0. If f ∈ An satisfies the subordination
(3.4)

(1 − α)
Im(λ, β, l)f(z)

z
+ α

Im(λ, β + 1, l)f(z)
z

≺
1 + Az

1 + Bz
+

α

β + 1
(A − B)z
(1 + Bz)2
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then
Im(λ, β, l)f(z)

z
≺

1 + Az

1 + Bz

and q(z) =
1 + Az

1 + Bz
is the best dominant of (3.4).

Corollary 3.3 Let α ∈ C and <α > 0. If f ∈ An satisfies the subordination

(3.5) (1−α)
Im(λ, β, l)f(z)

z
+α

Im(λ, β + 1, l)f(z)
z

≺
1 + z

1 − z
+

α

β + 1
2z

(1 − z)2

Im(λ, β, l)f(z)
z

≺
1 + z

1 − z

and q(z) =
1 + z

1 − z
is the best dominant of (3.5).

Theorem 3.2 Let q be convex in U with q(0) = 1, α ∈ C, <α > 0. If

f ∈ An such that
Im(λ, β, l)f(z)

z
∈ H[1, 1] ∩ Q and

(1 − α) ∙
Im(λ, β, l)f(z)

z
+ α ∙

Im(λ, β + 1, l)f(z)
z

is univalent in U and satisfies the superordination

(3.6) q(z)+
α

β + 1
zq′(z) ≺ (1−α) ∙

Im(λ, β, l)f(z)
z

+α ∙
Im(λ, β + 1, l)f(z)

z
,

then

q(z) ≺
Im(λ, β, l)f(z)

z

and q is the best subordinant.

Proof. Let p(z) be given by (3.2) and proceeding as in the proof of
Theorem 3.1 the subordination (3.6) becomes

q(z) +
α

β + 1
zq′(z) ≺ p(z) +

α

β + 1
zp′(z).

The conclusion of this theorem follows by applying Lemma 2.2.
Taking m = 0 and β = 0 in Theorem 3.2, we obtain the following result.
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Corollary 3.4 Let q be convex in U , with q(0) = 1, α ∈ C, with

<α > 0. If f ∈ An such that
f(z)

z
∈ H[1, 1] ∩ Q and

(1 − α) ∙
f(z)

z
+ α ∙ f ′(z)

is univalent in U and satisfies the superordination

q(z) + αzq′(z) ≺ (1 − α) ∙
f(z)

z
+ α ∙ f ′(z),

then

q(z) ≺
f(z)

z

and q is the best subordinant.

Corollary 3.5 Let α ∈ C, A 6= B be such that −1 ≤ B < A ≤ 1 and

<α > 0. If f ∈ An such that
Im(λ, β, l)f(z)

z
∈ H[1, 1] ∩ Q and

(1 − α)
Im(λ, β, l)f(z)

z
+ α

Im(λ, β + 1, l)f(z)
z

is univalent in U and satisfies the superordination

1 + Az

1 + Bz
+

α

β + 1
(A − B)z
(1 + Bz)2

≺ (1 − α)
Im(λ, β, l)f(z)

z
+ α

Im(λ, β + 1, l)f(z)
z

then
1 + Az

1 + Bz
≺

Im(λ, β, l)f(z)
z

and q(z) =
1 + Az

1 + Bz
is the best subordinant.

Corollary 3.6 Let α ∈ C, <α > 0. If f ∈ An such that

Im(λ, β, l)f(z)
z

∈ H[1, 1] ∩ Q
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and

(1 − α)
Im(λ, β, l)f(z)

z
+ α

Im(λ, β + 1, l)f(z)
z

is univalent in U and satisfies the superordination

1 + z

1 − z
+

α

β + 1
2z

(1 − z)2
≺ (1 − α)

Im(λ, β, l)f(z)
z

+ α
Im(λ, β + 1, l)f(z)

z

then
1 + z

1 − z
≺

Im(λ, β, l)f(z)
z

and q(z) =
1 + z

1 − z
is the best subordinant.

Combining the results of Theorem 3.1 and Theorem 3.2 we state the
following sandwich result.

Theorem 3.3 Let q1, q2 be convex in U with q1(0) = q2(0) = 1, α ∈ C,
<α > 0 and q2 satisfies the inequality

<

{

1 +
zq′′2 (z)
q′2(z)

}

> max

{

0,−<
α

β + 1

}

.

If f ∈ An such that
Im(λ, β, l)f(z)

z
∈ H[1, 1] ∩ Q and

(1 − α)
Im(λ, β, l)f(z)

z
+ α

Im(λ, β + 1, l)f(z)
z

is univalent in U and satisfies

q1(z) +
α

β + 1
zq′1(z) ≺ (1 − α) ∙

Im(λ, β, l)f(z)
z

+ α ∙
Im(λ, β + 1, l)f(z)

z

≺ q2(z) +
α

β + 1
zq′2(z),

then

q1(z) ≺
Im(λ, β, l)f(z)

z
≺ q2(z)

and q1, q2 are the best subordinant and the best dominant respectively.
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Combining also Corollary 3.1 and Corollary 3.4 we obtaining the

corresponding sandwich results for the operator
f(z)

z
.

Corollary 3.7 Let q1, q2 be convex in U with q1(0) = q2(0) = 1, α ∈ C,
<α > 0 and q2 satisfies the inequality

<

{

1 +
zq′′2(z)
q′2(z)

}

> max {0,−<α} .

If f ∈ An such that
f(z)

z
∈ H[1, 1] ∩ Q and

(1 − α) ∙
f(z)

z
+ α ∙ f ′(z)

is univalent in U and satisfies

q1(z) + αzq′1(z) ≺ (1 − α) ∙
f(z)

z
+ α ∙ f ′(z) ≺ q2(z) + αzq′2(z)

then

q1(z) ≺
f(z)

z
≺ q2(z)

and q1, q2 are the best subordinant and the best dominant respectively.
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