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On some inequalities using h-convexity of functions
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ABSTRACT. We establish some inequalities of the Ostrowski type involving
left-sided and right-sided -Riemann-Liouville fractional integrals for convex
functions. We give some applications using the Peano representation formula for
linear functionals.
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1 Introduction and preliminaries

In 1938 A. Ostrowski proved the following theorem.

Theorem 1.1 (see [6]) Let f : I — R, where I C R is an interval, be a
differentiable mapping in the interior of 1. If |f'(t)| < M, for all t € [a,b],
a<b,abel, then the following inequality holds

@)~ 52 /abf(t)dt‘ < M(b—a)

where x € [a,b].
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This theorem has raised the interest of many researchers over time and
has been generalized in various ways.

In [7], B.G. Pachpatte proved the following theorem which established
a new Ostrowski type inequality involving functions whose modulus of the
derivatives are convex.

Theorem 1.2 (see [7]) Let f,g : [a,b] — R be two absolutely continuous
functions on [a,b]. If |f'|, |¢'| are convex function on [a,b], then

Wmmw—zﬁgﬂmwéﬂwﬁ+ﬂ@4Z@ﬁ”
b—a [1+(x—a7+b)2]

= 4 |4 (b-a)2?

< [lg@) (f' @)+ 1F1) + 1f @) (g' (@) + 1g'1)] s = € [a,b].

For g(z) = 1 in Theorem 1.2 is obtained the inequality proved in [1] (see
Theorem 2 in [1]). This theorem is presented in the following.

Theorem 1.3 (see [1]) Let f : [a,b] — R be absolutely continuous function
on [a,b], f" € Lola,b]. If |f'] is convex function on (a,b), then

b
fo) -5 [ s

—a ¢ — atb)?
- b2 [}lJr((b_;)Q)](’f/(x)’Jer’Hoo)-

In 1978, W.W. Breckner (see [2]) introduced the concept of s-convex function
as a generalization of convexity of functions.

Definition 1.1 The function f : [0,00) — R is called s-convex in the second
sense if for any t € [0, 1], for any points x,y € [0,00) and s € (0,1] fized we
have

fltz+ (1 =t)y) <t°f(z) + (1 —=1)°f(y).



DANIEL TANOSI 51

Remark 1.1 For s =1 in the above inequality it is obtained the convexity
of function f in classic way:

flx+ (1 —t)y) <tf(z)+ (1 —1t)f(y), YVt €[0,1], z,y € [0, 00).

Definition 1.2 The function f : I — [0,00) is called p-function if for any
points x,y € I and t € [0, 1] we have

fltz+ (1 —=t)y) < f(z) + f(y).

Definition 1.3 (see [9]) Let I be an interval in R. A function f: I — R is
called Godunova-Levin function if for any x,y € I and for any t € (0,1) we

have
x
flte+ (1 -ty < L8 SO
t 1—-t
In 2007, S. Varosanec (see [9]) introduced a large class of non-negative
functions, called h-convex functions. This class contains several well-known
classes of functions such as non-negative convex functions. This class is

defined in the following way.

Definition 1.4 A non-negative function f : I — R is called h-convex
function, if for a function h : J — Ry, where J is an interval which contains
(0,1), for any points z,y € I and t € (0,1) we have

(1.1) fltz + (1 =t)y) <h()f(t) +h(1 —1)f(y).

Remark 1.2 From the above it is easy to see the following.

a) If h(t) = t, then the inequality (1.1) from Definition 1.4 gives the
non-negative conver function in the classic way.

b) If h(t) = %, then the inequality from Definition 1./ gives
Godunova-Levin functions.

c¢) If h(t) = 1, then the inequality from Definition 1.4 gives p-functions.

d) If h(t) = t°,s € (0,1), then the inequality (1.1) from Definition 1.4
gives s-convex function in the second sense. (W. Breckner)

Note that h-convex functions have properties that classical convex
functions do not have.
In [9], S. Varosanec gave some examples for h-convexity.
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Example 1.1 Let hy : (0,00) — R be a non-negative function defined by
hi(z) = 2%, k e R.

For k < 1 we have hi(t) > t, Vt € (0,1). Let f : (0,00) — R be a
non-negative function defined by f(x) = 2%, ¢ € R, which is convex function
for q € (—o0,0]U[1,00) and is concave function for q € (0,1). Fort € (0,1)
and any x,y € (0,00) we have the following inequalities

[tz + (1 =t)y) <tf(x) + (1 =) f(y) <ht)f(x) +h(1 =) f(y)-

Then the function f is hy-convex if
1) k<1 andq € (—o00,0]U[1,00) or
2) k<qandqe(0,1).

Example 1.2 Let hy : (0,00) — R be a non-negative function defined by
hi(z) =z, k <0

and let f : [a,b] — R be a function defined by

We note that the f is hi-convex function, but it is not a continuous function.

The aim of this paper is to establish Ostrowski’s inequality for fractional
integrals and to give some applications based on linear functionals defined
by the ¥-Riemann-Liouville fractional integrals and using Peano’s theorem.

2 Ostrowski inequality using Peano’s representation
formula

In 1913, Giuseppe Peano demonstrated the following formula for the
representation of linear functionals.
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Theorem 2.1 (see [4], [8]) Let R : AC™ — R be a linear functional with the
property R(e;) =0, 1= 0,m — 1,m € N*. Then the following representation
of the functional R is valid for any f € AC™

b
(2.1) R(f) = ﬁ | Beos

(

We used the function ¢y : [a,b] — R defined by

m—1
e r—t+|x—1t "
pr(z) = (z—t)] ' = <—2| ’) , m € N*,

For m =1 it is obtained Heaviside’s step function, defined by

1, if z>t

U(x—t):(:c—t)g_:{

0, if z<t.

Using that |f(™)| is h-convex function in the relation (2.1) it is easy to prove
the following theorem.

Theorem 2.2 Let R: AC™ — R be a linear functional with the property
R(e;)=0,i=0,m—1, m € N".

Then for any f € AC™ such that ]f(m)\ is h-convex function, the following
inequality holds

(2.2)  [R(S)

o)

% (h(w) ‘ £ (b)‘ +h(1l— ) ‘ £ (a)() du.

Proof. Using the change of variable

t—a

b—a

:u7
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the equality (2.1) can be written as

—a b
RO = Gy [ Relaruoma) - £ a + u(b = @)

or in an explicit form

b—a
R(f):m

X/asz ((m—a—U(b—a) +!23c —a—u(b— a)\>m_1) £ (ub + (1 — w)a)du.

From the above we obtain (2.2).

Remark 2.1 The above inequality is equivalent with the following

R < ot [ IRata =2
x(h(z_ )‘ﬂm()\m(: )‘ﬂm()() dt.

For m =1, from the above we obtain the following inequality

b
(2.3) \RUﬂs/MRAdw—oﬂ

(o o (=) o)«

3 Applications of the Peano’s theorem

Let R be a linear functional given by

b b
R(P) = f(e) = 5= [ ftyde = [ Riato—0) Fi0n,
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where
1 b
R(O’('—t)):(j(%—t)—m O'(U—t)du
b _
za(x—t)—ﬁ/ du:a(x—t)—;j_(tl.

Using these, we have obtained the following theorem, which gives
Ostrowski’s inequality to functional

b
A = 1)~ 5 [ s

/: <U(x - ::2) F(t)dt

1
A<am—a—yw—w—1+y»f@b+u—ymw4,

From here it is obtained

[R(f)| =

)

SO

[R(f)] = (b—a)

where we used the change of variable Z:_Z =y.

Using these, we have obtained the following theorem, which gives
Ostrowski’s inequality for the functional

b
Ap =57 [ i

Theorem 3.1 Let A: Cla,b] — R be a linear functional given by

b
A = 1)~ 5= [ st

Then for any f derivable on [a,b], such that |f'| is h-convex function, the
following inequality holds
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f(x)—ﬁ/:f(t)dt‘ S/ab [U(x—t)Z:ZJFU(t—x)g:Z

X [h (Z:Z) |£/(®)] +h (Z:i) \f’(a)}] dt.

Proof. From

b
R(P) = 1) = A7) = £(@) ~ 5= [ (0

_ /ab (a(:ﬂ - 2:2) f(¢)dt

and using the change of variable y = =% and for | f'| being h-convex function,

a
we obtain

|R<f>|:<b—a>/0[o(m—a—y(b—a»—1+y]f’<yb+<1—y>a>dy

1
g(b—a)/o o (@ —a—y(b—a) — 1 +y||f (sb+ (1 - y)a)| dy

1
< (b—a)/o lo(z—a—yb—a))—1+y|[h(y) }f/(b)‘ +h(l-y) \f’(a)H dy.

For t = a + y(b — a), we have

r< [ foa—i- =4 o (522 70] + 0 (12 17 a
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_ / 12t [h(éii) \f’(b)\m(;’:D \f’(a)}] dt
+/: _z:z [h <Z_Z> |f’(b)\+h<§2> \f’(a)]] dt

= ’ (x—t)t_—a—l-a(t—x)b:t
/G[ b—a b—a

) o G=) oo

Remark 3.1 For certain choices of the function h and we suppose that the
deriwative f': (a,b) — R is bounded on (a,b), with

I o = sup |f'(t)| <

te(a,b)

we get the following Ostrowski type inequalities.
a) For h(t) = t, from Theorem 3.1 we obtain the Ostrowski type
inequality (see [1], [7]) for convexity in the classic way

b x—a)? b—x)? , ,
10 -5 [ rwa] < O )4

and for x = “Tb we have

- [t <

1
b) For h(t) = 7 from Theorem 3.1 we have

(1P @+ 171 -

b —a 2
‘f(x) - / f(t)dt] <(b-a)n 4(1)&)(33 — @+ 17l)
and for x = aT‘H’ we have

o (7 @]+ 1)

it 0w
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Theorem 3.2 Let R : Cla,b] — R be a linear functional, given by

b
- bia/ Ft)dt

the constants p,q > 1 such that % + % =1 and h € Lyla,b]. Then for any f

derivable on [a,b] such that | f'| is h-convez function, the following inequality
holds

R(f) =

(3.1) () < L@+ opts
S ot )rb—a

([ (G o (=) ) a)

Proof. From Theorem 3.1 and Hoélder’s inequality we have

‘f(m) - /abf“)‘”‘ = </b
([ () oo () ) )

where we used that |f’| is h-convex function.

3 =

t—a b—t
U(x—t)b_a+a(t—m)b_a

P
)

Using the following equalities

b —a _ p
/ (U(x—t)z_a+0(t—x)z_i> dt
[T (t=a) bty (x—a)pt! (b— )+
_/“ (b_“)p+/r (b—ap G+ D0-ap  p+ 00— ap

we have obtained the conclusion.

Remark 3.2 We obtained the Ostrowski type inequality proved in [1] (see
Theorem 3 in [1]).
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Let f : [a,b] — R be an absolutely continuous function on [a,b]. If |f'| is
convex on [a,b], f' € Lyla,b] and p,q > 1 such that % + % =1, then

-5 [ o

[(z —a)Pt! 4 (b — x)Pt!]
2(p+ 1)%

B =

b—a)7 || | £ @)] + | £] llo-

From the inequality (3.1), for p — oo we get

-5 [

< ot max(z —a,b ) /ab <h (2:3) £/(0)] + (Z_;D \f’(a)\)dt.

From the equalities

[r(is)ae [4(2)a-0-a o

we obtained the following.

Corollary 3.1 Under the terms of the Theorem 3.2 we have

(32) -5 [ o]

1
< max(z —a,b—z) (|f'(a)] + | f'(b)]) /0 h(t)dt.

Remark 3.3 For certain choices of h, from (3.2), we obtain the following
inequalities.
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1) If h(t) = t, then

max(z — a,b—z) (|f'(a)| + | f'(?)]) -

Do =

b
1) 5= [ 10 <
2) If h(t) =1, then
b
‘f(x) - ﬁ/ f(t)dt‘ < max(z —a,b—x) (|f'(a)] + | f'(b)]) -

3) If f(t) =t°, s € (0,1), then

b
'f(:n) - bia/a f(t)dt' < ﬁmax(w—a,b—m) (| (@)] + [ £ (®)])-

4 Ostrowski type inequalities through Riemann-Liouville
fractional integrals

Definition 4.1 (see [5]) Let (a,b) be a finite or infinite interval in R and
a > 0. Lett € Clla,b] be an increasing and positive function. The left-sided
and right sided -Riemann-Liouville fractional integral of a function f on
[a,b] are defined by

ot T :L ’ / ) — a—1
12 1(@) = e [ 90 @) = vy s

cp 1 b / a—1
(4.1) L2 f(x) = m/ P(t) (P(t) — ()™ f(B)dt,
where I'(+) is Gamma function.

Remark 4.1 For 0 < a < b, p > 0 and ¢(t) = % the functionals (4.1)
become the functionals which were considered by Katugampola (see [3])
defined by the next equalities

l—«a

p o :U:P v ~L (P _ a1
10 @) = s [ @ e s
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11—«

b
IOV f(a) = % / 71 (8 — 7)1 f(1)dt.

Now, let us consider the functional A : Cla,b] — R defined by

I'a+1)

(4.2) A(f) = 2 —ap

) (158 e (F o) ) + 154 ) (Fow) (0 (@)

The functional (4.2) can be written as

P(b)
[0 o - o fw(t))dt] .

We have that the A is a linear and positive functional and

Y=1(b) . »=1(b) .

<[ woe-verta [ e we - o e -1
(i C)) ¥=1(a)

The following theorem is an Ostrowski type inequality relative to the

functions whose derivatives are h-convex.

Theorem 4.1 Let f : [a,b] — R be a differentiable mapping such that f' €
Lila,b]. If |f'| is h-convex function on (a,b), then the following inequality
holds



62 - ON SOME INEQUALITIES USING h-CONVEXITY OF FUNCTIONS

(4.4) |f(x) = A(f)]

o [ ()]
x[o(z—u)(b—a)*+ (u—a)® — (b—u)%)
+o(x—u)((b—a)®+ (b—u)* — (u—a)*)]du,

where z € [a, b)].

Proof. For x fixed, x € (a,b) we denote by R, the following functional

‘We have
Rx(eg) = €9 — A(EO) = 0.

So, we have the relation (2.3):

RO [ 1R -l (n (2 170+ 0 (F2) 1] )

and we will calculate Ry (o(z — u)).

Let us computeA, (o(z —u)). From (4.3) we have

N 0
A (o(x —u)) = oo——2 [/ W () (b= (1) oz — u)dt
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from where we obtain

Az (o(x —u)) =

where we used that

0, if ¥(t)<u 0, if t<vyHu
a@—mzaww—mz{ n ={ v

1, if ¥(t) >u 1, if >~ 1(u)

The inequality (2.3) for the functional R, = f(x) — A(f) becomes

[Re ()] = [f(2) = Ra(f)]
/b _ b= )+(b ) —(u—-a)

IN

[Re(f)] = If ) (f)!

/ L : —(u—-a)"
x(h(b a)yf |+h< Z){f’(a)y)du

+Lb_@— a)° §&¥2w (u—a)®
X (h <Z:Z> 11/(0)| + 1 <Z:Z> |f’(a)\> du.

From the above, we have

IN
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|Rx(f)’ < /a 2(b_a)a

b () ol +n (52) @) du

b—a)*+(b—u)*—(u—a)®

20— a)®
(=) ol +n (7=2) Ir @) au
h Z) |f’<a>\>

b
G

IN
:N
A/~ =

y [G(xu)(b—a)a—i-(u—a)a—(b—u)a
2(b—a)™
(b—a)*+ (b—u) (u—a)
+o(u—x) 20— a) }

The proof is complete.

Remark 4.2 For a =1, the functional A(f) is

PH(b)
A=y [ PO Tew [ s

(@) —a

and the inequality (4.4) is the Ostrowski inequality.

In the following we consider ¢ : [a,b] — [0,1] an increasing function,
¥ € C'a,b] and we denote by Fy, the following set

Fy={f:[(a),v(b)] = R, f € Cy(a),v(b)]}.

Let us consider the linear functional B : F, — R defined by B(f) = A(f(v)),
where A is a linear functional such that A(eg) = 1.
Let = € (a,b) be a fixed point. The functional R : Fy, — R defined by
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p(b)
(45) Rf) = [ Rio(-—u) f(u)du

P(a)

p(b)

— [ o)~ w) - Ao (9(@) - )] £
P(a)
If we put @

u—1la)
- v

then (4.5) becomes

1
R(f) = (%Z)(b)@b(a))/o [0 (¥(x) = ) (b) — (1 = ¢ (t))¥(a))

— Ao (Y(x) = (@) (b) = (1 = 9(t))¢(a)))]
<f (WP 0) + (1= (t)p(a)) dt.

Let we suppose that |f’| is h-convex function. Then from the above we
obtain

[R(A)] < ((b) — z#(CL))/O o () = (8)p(b) — (1 = P(t))¢(a))
(¥

Ao (9(x) =)y (b) — (1—¢(t))¢(a)))
(\f¢ )| AW®) + | (@) (1 =3t

So, we have

P(a)
/ b u ’ a
<l il (5 ) + 1 vonln (G2 )
where we used 1 (a) + ¥ (t) (¥(b) — ¢¥(a)) = u
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Let us consider the following linear positive functional:

Na+1) [ LP(fod)(a) — IE(fod)(®)
2 (Y(z) =1p(a))®  ($(b) = ()"
We remark that B(eg) = 1 and so the functional R(f) = f (¢¥(x)) — B(f) has

the degree of exactness 0. In the following we compute I;Yiw (o(p —u)) (a)
and I (o4 — u)) ().

B(f) =

_|_

‘We have

Y= (w)
1 v / o a a—1
S O RGO DR
1 (W) — (@) — (u— ()
I'(a) a ’
where

0, if t<vy~(u)

U(¢(t)_u):{ 1, if t >y (u).

So, we have

(w(x)—w(lg))“—(u—w(“))a, if w< ()

(a+1)

WD) I o — ) () = { |
0, if u>(x)



) —u :L b / . a—lo, —u
I (ot =) () = s [ 900 060) = 5(0) ™ o (00— )

B 1 Y1 (u) . a1
- T / (1) (5() — () o (U(t) — w) dt
b
] g, VO WO 00 e )~
o, e W) —w)®
=y o, YOO O = TP
if u > Y(z).
If u < ¢(x), then we have
15 o6 =) ) = s [ " W0 (W) — ()" o ((1) — )
ot (O U = o) /. o U
() — ()"
Mla+1)

So, we have

(¢(11i)(;f(19§)) ,if u < ¥(a)

(4.8) L (o(4 —u) (b) = {

(1?((2:3 ) if u>Y(x)

Using (4.7) and (4.8), we obtain

(1.9 B(o(-—u)) = 12V
e e - w) @ | 1 e - w) @
P~ v@)” () )"
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From the relations (4.6) and (4.9) we obtain the following inequality.

Theorem 4.2 Let f : [a,b] — R be a differentiable mapping such that f’ €
Lila,b]. If |f'] is h-convex function on (a,b), then the following inequality
holds

L e st )+ ()
)
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