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On some inequalities using h-convexity of functions
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Abstract. We establish some inequalities of the Ostrowski type involving
left-sided and right-sided ψ-Riemann-Liouville fractional integrals for convex
functions. We give some applications using the Peano representation formula for
linear functionals.

Key Words: Ostrowski’s inequality, ψ-Riemann-Liouville fractional
integrals, Peano’s Theorem, h-convexity

1 Introduction and preliminaries

In 1938 A. Ostrowski proved the following theorem.

Theorem 1.1 (see [6]) Let f : I → R, where I ⊂ R is an interval, be a
differentiable mapping in the interior of I. If |f ′(t)| ≤ M , for all t ∈ [a, b],
a < b, a, b ∈ I, then the following inequality holds
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∣f(x) −

1
b − a

∫ b
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f(t)dt

∣
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[
1
4

+

(
x − a+b

2

)2

(b − a)2
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,

where x ∈ [a, b].
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This theorem has raised the interest of many researchers over time and
has been generalized in various ways.

In [7], B.G. Pachpatte proved the following theorem which established
a new Ostrowski type inequality involving functions whose modulus of the
derivatives are convex.

Theorem 1.2 (see [7]) Let f, g : [a, b] → R be two absolutely continuous
functions on [a, b]. If |f ′|, |g′| are convex function on [a, b], then

∣
∣
∣
∣f(x)g(x) −

1
2(b − a)

[

g(x)
∫ b

a
f(t)dt + f(x)

∫ b

a
g(t)dt

]∣∣
∣
∣

≤
b − a

4

[
1
4

+

(
x − a+b

2

)2

(b − a)2

]

×
[
|g(x)|

(
f ′(x) + ‖f ′‖

)
+ |f(x)|

(
g′(x) + ‖g′‖

)]
, x ∈ [a, b].

For g(x) = 1 in Theorem 1.2 is obtained the inequality proved in [1] (see
Theorem 2 in [1]). This theorem is presented in the following.

Theorem 1.3 (see [1]) Let f : [a, b] → R be absolutely continuous function
on [a, b], f ′ ∈ L∞[a, b]. If |f ′| is convex function on (a, b), then

f(x) −
1

b − a

∫ b

a
f(t)dt

≤
b − a

2

[
1
4

+

(
x − a+b

2

)2

(b − a)2

]
(
|f ′(x)| + ‖f ′‖∞

)
.

In 1978, W.W. Breckner (see [2]) introduced the concept of s-convex function
as a generalization of convexity of functions.

Definition 1.1 The function f : [0,∞) → R is called s-convex in the second
sense if for any t ∈ [0, 1], for any points x, y ∈ [0,∞) and s ∈ (0, 1] fixed we
have

f(tx + (1 − t)y) ≤ tsf(x) + (1 − t)sf(y).
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Remark 1.1 For s = 1 in the above inequality it is obtained the convexity
of function f in classic way:

f(tx + (1 − t)y) ≤ tf(x) + (1 − t)f(y), ∀t ∈ [0, 1], x, y ∈ [0,∞).

Definition 1.2 The function f : I → [0,∞) is called p-function if for any
points x, y ∈ I and t ∈ [0, 1] we have

f(tx + (1 − t)y) ≤ f(x) + f(y).

Definition 1.3 (see [9]) Let I be an interval in R. A function f : I → R is
called Godunova-Levin function if for any x, y ∈ I and for any t ∈ (0, 1) we
have

f(tx + (1 − t)y) ≤
f(x)

t
+

f(y)
1 − t

.

In 2007, S. Varošanec (see [9]) introduced a large class of non-negative
functions, called h-convex functions. This class contains several well-known
classes of functions such as non-negative convex functions. This class is
defined in the following way.

Definition 1.4 A non-negative function f : I → R is called h-convex
function, if for a function h : J → R+, where J is an interval which contains
(0, 1), for any points x, y ∈ I and t ∈ (0, 1) we have

(1.1) f(tx + (1 − t)y) ≤ h(t)f(t) + h(1 − t)f(y).

Remark 1.2 From the above it is easy to see the following.
a) If h(t) = t, then the inequality (1.1) from Definition 1.4 gives the

non-negative convex function in the classic way.
b) If h(t) = 1

t , then the inequality from Definition 1.4 gives
Godunova-Levin functions.

c) If h(t) = 1, then the inequality from Definition 1.4 gives p-functions.
d) If h(t) = ts, s ∈ (0, 1), then the inequality (1.1) from Definition 1.4

gives s-convex function in the second sense. (W. Breckner)

Note that h-convex functions have properties that classical convex
functions do not have.

In [9], S. Varošanec gave some examples for h-convexity.
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Example 1.1 Let hk : (0,∞) → R be a non-negative function defined by

hk(x) = xk, k ∈ R.

For k ≤ 1 we have hk(t) ≥ t, ∀t ∈ (0, 1). Let f : (0,∞) → R be a
non-negative function defined by f(x) = xq, q ∈ R, which is convex function
for q ∈ (−∞, 0]∪ [1,∞) and is concave function for q ∈ (0, 1). For t ∈ (0, 1)
and any x, y ∈ (0,∞) we have the following inequalities

f(tx + (1 − t)y) ≤ tf(x) + (1 − t)f(y) ≤ h(t)f(x) + h(1 − t)f(y).

Then the function f is hk-convex if
1) k ≤ 1 and q ∈ (−∞, 0] ∪ [1,∞) or
2) k ≤ q and q ∈ (0, 1).

Example 1.2 Let hk : (0,∞) → R be a non-negative function defined by

hk(x) = xk, k < 0

and let f : [a, b] → R be a function defined by

f(x) =

{
1, x ∈

[
a, a+b

2

)
∪
(

a+b
2 , b

]

21−k, x = a+b
2 .

We note that the f is hk-convex function, but it is not a continuous function.

The aim of this paper is to establish Ostrowski’s inequality for fractional
integrals and to give some applications based on linear functionals defined
by the ψ-Riemann-Liouville fractional integrals and using Peano’s theorem.

2 Ostrowski inequality using Peano’s representation
formula

In 1913, Giuseppe Peano demonstrated the following formula for the
representation of linear functionals.
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Theorem 2.1 (see [4], [8]) Let R : ACm → R be a linear functional with the
property R(ei) = 0, i = 0,m − 1,m ∈ N∗. Then the following representation
of the functional R is valid for any f ∈ ACm

(2.1) R(f) =
1

(m − 1)!

∫ b

a
R(ϕt)f

(m)dt.

We used the function ϕt : [a, b] → R defined by

ϕt(x) = (x − t)m−1
+ =

(
x − t + |x − t|

2

)m−1

, m ∈ N∗.

For m = 1 it is obtained Heaviside’s step function, defined by

σ(x − t) = (x − t)0+ =

{
1, if x ≥ t

0, if x < t.

Using that |f (m)| is h-convex function in the relation (2.1) it is easy to prove
the following theorem.

Theorem 2.2 Let R : ACm → R be a linear functional with the property

R(ei) = 0, i = 0,m − 1, m ∈ N∗.

Then for any f ∈ ACm such that |f (m)| is h-convex function, the following
inequality holds

|R(f)|(2.2)

≤
b − a

(m − 1)!

∫ 1

0

∣
∣
∣
∣
∣
Rx

((
x − a − u(b − a) + |x − a − u(b − a)|

2

)m−1
)∣∣
∣
∣
∣

×
(
h(u)

∣
∣
∣f (m)(b)

∣
∣
∣+ h(1 − u)

∣
∣
∣f (m)(a)

∣
∣
∣
)

du.

Proof. Using the change of variable

t − a

b − a
= u,
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the equality (2.1) can be written as

R(f) =
b − a

(m − 1)!

∫ b

a
Rx(ϕa+u(b−a)) ∙ f

(m)(a + u(b − a))du

or in an explicit form

R(f) =
b − a

(m − 1)!

×
∫ b

a
Rx

((
x−a−u(b−a) + |x − a − u(b − a)|

2

)m−1
)

f (m)(ub +(1 − u)a)du.

From the above we obtain (2.2).

Remark 2.1 The above inequality is equivalent with the following

|R(f)| ≤
1

(m − 1)!

∫ b

a

∣
∣Rx(x − t)m−1

+

∣
∣

×

(

h

(
t − a

b − a

) ∣
∣
∣f (m)(b)

∣
∣
∣+ h

(
b − t

b − a

) ∣
∣
∣f (m)(a)

∣
∣
∣

)

dt.

For m = 1, from the above we obtain the following inequality

|R(f)| ≤
∫ b

a
|Rx (σ(x − t))|(2.3)

×

(

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
)

dt.

3 Applications of the Peano’s theorem

Let R be a linear functional given by

R(f) = f(x) −
1

b − a

∫ b

a
f(t)dt =

∫ b

a
R (σ(x − t)) f ′(t)dt,
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where

R (σ(∙ − t)) = σ(x − t) −
1

b − a

∫ b

a
σ(u − t)du

= σ(x − t) −
1

b − a

∫ b

a
du = σ(x − t) −

b − t

b − a
.

Using these, we have obtained the following theorem, which gives
Ostrowski’s inequality to functional

A(f) = f(x) −
1

b − a

∫ b

a
f(t)dt.

From here it is obtained

|R(f)| =

∣
∣
∣
∣

∫ b

a

(

σ(x − t) −
b − t

b − a

)

f ′(t)dt

∣
∣
∣
∣ ,

so

|R(f)| = (b − a)

∣
∣
∣
∣

∫ 1

0
(σ(x − a − y(b − a) − 1 + y)) f ′(yb + (1 − y)a)dy

∣
∣
∣
∣ ,

where we used the change of variable t−a
b−a = y.

Using these, we have obtained the following theorem, which gives
Ostrowski’s inequality for the functional

A(f) =
1

b − a

∫ b

a
f(t)dt.

Theorem 3.1 Let A : C[a, b] → R be a linear functional given by

A(f) = f(x) −
1

b − a

∫ b

a
f(t)dt.

Then for any f derivable on [a, b], such that |f ′| is h-convex function, the
following inequality holds
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∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤

∫ b

a

[

σ(x − t)
t − a

b − a
+ σ(t − x)

b − t

b − a

]

×

[

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
]

dt.

Proof. From

R(f) = f(x) − A(f) = f(x) −
1

b − a

∫ b

a
f(t)dt

=
∫ b

a

(

σ(x − t) −
b − t

b − a

)

f ′(t)dt

and using the change of variable y = t−a
b−a and for |f ′| being h-convex function,

we obtain

|R(f)| = (b − a)

∣
∣
∣
∣

∫ 1

0
[σ (x − a − y(b − a)) − 1 + y] f ′ (yb + (1 − y)a) dy

∣
∣
∣
∣

≤ (b − a)
∫ 1

0
|σ (x − a − y(b − a)) − 1 + y|

∣
∣f ′ (yb + (1 − y)a)

∣
∣ dy

≤ (b−a)
∫ 1

0
|σ (x − a − y(b − a)) − 1 + y|

[
h(y)

∣
∣f ′(b)

∣
∣+ h(1 − y)

∣
∣f ′(a)

∣
∣] dy.

For t = a + y(b − a), we have

|R(f)| ≤
∫ b

a

∣
∣
∣
∣σ (x − t) −

b − t

b − a

∣
∣
∣
∣

[

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
]

dt
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=
∫ x

a

∣
∣
∣
∣1 −

b − t

b − a

∣
∣
∣
∣

[

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
]

dt

+
∫ b

x

∣
∣
∣
∣−

t − b

b − a

∣
∣
∣
∣

[

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
]

dt

=
∫ b

a

[

σ (x − t)
t − a

b − a
+ σ (t − x)

b − t

b − a

]

×

[

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
]

dt.

Remark 3.1 For certain choices of the function h and we suppose that the
derivative f ′ : (a, b) → R is bounded on (a, b), with

‖f ′‖∞ = sup
t∈(a,b)

∣
∣f ′(t)

∣
∣ < ∞,

we get the following Ostrowski type inequalities.
a) For h(t) = t, from Theorem 3.1 we obtain the Ostrowski type

inequality (see [1], [7]) for convexity in the classic way

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤

(x − a)2 + (b − x)2

4(b − a)

(∣∣f ′(x)
∣
∣+
∥
∥f ′
∥
∥
∞

)

and for x = a+b
2 we have

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤

b − a

8

(∣∣f ′(x)
∣
∣+
∥
∥f ′
∥
∥
∞

)
.

b) For h(t) =
1
t
, from Theorem 3.1 we have

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤ (b − a) ln

(b − a)2

4(b − x)(x − a)

(∣∣f ′(x)
∣
∣+
∥
∥f ′
∥
∥
∞

)

and for x = a+b
2 we have

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤

b − a

8
ln 4

(∣∣f ′(x)
∣
∣+
∥
∥f ′
∥
∥
∞

)
.
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Theorem 3.2 Let R : C[a, b] → R be a linear functional, given by

R(f) = f(x) −
1

b − a

∫ b

a
f(t)dt,

the constants p, q > 1 such that 1
p + 1

q = 1 and h ∈ Lq[a, b]. Then for any f

derivable on [a, b] such that |f ′| is h-convex function, the following inequality
holds

|R(f)| ≤

[
(x − a)p+1 + (b − x)p+1

] 1
p

(p + 1)
1
p (b − a)

(3.1)

×

(∫ b

a

(

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
)q

dt

) 1
q

.

Proof. From Theorem 3.1 and Hölder’s inequality we have

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤

(∫ b

a

∣
∣
∣
∣σ(x − t)

t − a

b − a
+ σ(t − x)

b − t

b − a

∣
∣
∣
∣

p

dt

) 1
p

×

(∫ b

a

(

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
)q

dt

) 1
q

,

where we used that |f ′| is h-convex function.
Using the following equalities

∫ b

a

(

σ(x − t)
t − a

b − a
+ σ(t − x)

b − t

b − a

)p

dt

=
∫ x

a

(t − a)p

(b − a)p
+
∫ b

x

(b − t)p

(b − a)p
=

(x − a)p+1

(p + 1)(b − a)p
+

(b − x)p+1

(p + 1)(b − a)p

we have obtained the conclusion.

Remark 3.2 We obtained the Ostrowski type inequality proved in [1] (see
Theorem 3 in [1]).
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Let f : [a, b] → R be an absolutely continuous function on [a, b]. If |f ′| is
convex on [a, b], f ′ ∈ Lq[a, b] and p, q > 1 such that 1

p + 1
q = 1, then

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣

≤

[
(x − a)p+1 + (b − x)p+1

] 1
p

2(p + 1)
1
p

(b − a)
1
p ‖
∣
∣f ′(x)

∣
∣+
∣
∣f ′
∣
∣ ‖q.

From the inequality (3.1), for p → ∞ we get

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣

≤
1

b − a
max(x − a, b − x)

∫ b

a

(

h

(
t − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − t

b − a

) ∣
∣f ′(a)

∣
∣
)

dt.

From the equalities

∫ b

a
h

(
t − a

b − a

)

dt =
∫ b

a
h

(
b − t

b − a

)

dt = (b − a)
∫ 1

0
h(t)dt,

we obtained the following.

Corollary 3.1 Under the terms of the Theorem 3.2 we have

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣(3.2)

≤ max(x − a, b − x)
(∣∣f ′(a)

∣
∣+
∣
∣f ′(b)

∣
∣)
∫ 1

0
h(t)dt.

Remark 3.3 For certain choices of h, from (3.2), we obtain the following
inequalities.
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1) If h(t) = t, then

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤

1
2

max(x − a, b − x)
(∣∣f ′(a)

∣
∣+
∣
∣f ′(b)

∣
∣) .

2) If h(t) = 1, then

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤ max(x − a, b − x)

(∣∣f ′(a)
∣
∣+
∣
∣f ′(b)

∣
∣) .

3) If f(t) = ts, s ∈ (0, 1), then

∣
∣
∣
∣f(x) −

1
b − a

∫ b

a
f(t)dt

∣
∣
∣
∣ ≤

1
s + 1

max(x − a, b − x)
(∣∣f ′(a)

∣
∣+
∣
∣f ′(b)

∣
∣) .

4 Ostrowski type inequalities through Riemann-Liouville
fractional integrals

Definition 4.1 (see [5]) Let (a, b) be a finite or infinite interval in R and
α > 0. Let ψ ∈ C1[a, b] be an increasing and positive function. The left-sided
and right sided ψ-Riemann-Liouville fractional integral of a function f on
[a, b] are defined by

Iα:ψ
a+ f(x) =

1
Γ(α)

∫ x

a
ψ′(t) (ψ(x) − ψ(t))α−1 f(t)dt

(4.1) Iα:ψ
b−

f(x) =
1

Γ(α)

∫ b

x
ψ′(t) (ψ(t) − ψ(x))α−1 f(t)dt,

where Γ(∙) is Gamma function.

Remark 4.1 For 0 < a < b, ρ > 0 and ψ(t) = tρ

ρ the functionals (4.1)
become the functionals which were considered by Katugampola (see [3])
defined by the next equalities

ρIα:ψ
a+ f(x) =

ρ1−α

Γ(α)

∫ x

a
tρ−1 (xρ − tρ)α−1 f(t)dt
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ρIα:ψ
b−

f(x) =
ρ1−α

Γ(α)

∫ b

x
tρ−1 (tρ − xρ)α−1 f(t)dt.

Now, let us consider the functional A : C[a, b] → R defined by

(4.2) A(f) =
Γ(α + 1)
2(b − a)α

×
[
Iα:ψ
ψ−1(a)+

(f ◦ ψ)(ψ−1(b)) + Iα:ψ
ψ−1(b)−

(f ◦ ψ)(ψ−1(a))
]
.

The functional (4.2) can be written as

A(f) =
α

2(b − a)α

[∫ ψ−1(b)

ψ−1(a)
ψ′(t) (b − ψ(t))α−1 f(ψ(t))dt(4.3)

+
∫ ψ−1(b)

ψ−1(a)
ψ′(t) (ψ(t) − a)α−1 f(ψ(t))dt

]

.

We have that the A is a linear and positive functional and

A(e0) =
α

2(b − a)α

×

[∫ ψ−1(b)

ψ−1(a)
ψ′(t) (b − ψ(t))α−1 dt +

∫ ψ−1(b)

ψ−1(a)
ψ′(t) (ψ(t) − a)α−1 dt

]

= 1.

The following theorem is an Ostrowski type inequality relative to the
functions whose derivatives are h-convex.

Theorem 4.1 Let f : [a, b] → R be a differentiable mapping such that f ′ ∈
L1[a, b]. If |f ′| is h-convex function on (a, b), then the following inequality
holds
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|f(x) − A(f)|(4.4)

≤
1

2(b − a)α

∫ b

a

[

h

(
u − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − u

b − a

) ∣
∣f ′(a)

∣
∣
]

× [σ(x − u) ((b − a)α + (u − a)α − (b − u)α)

+σ(x − u) ((b − a)α + (b − u)α − (u − a)α)] du,

where x ∈ [a, b].

Proof. For x fixed, x ∈ (a, b) we denote by Rx the following functional

Rx = f(x) − A(f).

We have
Rx(e0) = e0 − A(e0) = 0.

So, we have the relation (2.3):

|R(f)| ≤
∫ b

a
|Rx (σ(x − u))|

(

h

(
u − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − u

b − a

) ∣
∣f ′(a)

∣
∣
)

du

and we will calculate Rx (σ(x − u)).

Let us computeAx (σ(x − u)). From (4.3) we have

Ax (σ(x − u)) =
α

2(b − a)α

[∫ ψ−1(b)

ψ−1(a)
ψ′(t) (b − ψ(t))α−1 σ(x − u)dt

+
∫ ψ−1(b)

ψ−1(a)
ψ′(t) (ψ(t) − a)α−1 σ(x − u)dt

]

=
α

2(b − a)α

[∫ ψ−1(u)

ψ−1(a)
ψ′(t) (b − ψ(t))α−1 dt +

∫ ψ−1(b)

ψ−1(u)
ψ′(t) (ψ(t) − a)α−1 dt

]
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from where we obtain

Ax (σ(x − u)) =
(b − a)α + (b − u)α − (u − a)α

2(b − a)α

where we used that

σ(x − u) = σ(ψ(t) − u) =

{
0, if ψ(t) < u

1, if ψ(t) ≥ u
=

{
0, if t < ψ−1(u)

1, if t ≥ ψ−1(u)

The inequality (2.3) for the functional Rx = f(x) − A(f) becomes

|Rx(f)| = |f(x) − Rx(f)|

≤
∫ b

a

∣
∣
∣
∣σ(x − u) −

(b − a)α + (b − u)α − (u − a)α

2(b − a)α

∣
∣
∣
∣

×

(

h

(
u − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − u

b − a

) ∣
∣f ′(a)

∣
∣
)

du

or

|Rx(f)| = |f(x) − Rx(f)|

≤
∫ x

a

∣
∣
∣
∣1 −

(b − a)α + (b − u)α − (u − a)α

2(b − a)α

∣
∣
∣
∣

×

(

h

(
u − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − u

b − a

) ∣
∣f ′(a)

∣
∣
)

du

+
∫ b

x

∣
∣
∣
∣−

(b − a)α + (b − u)α − (u − a)α

2(b − a)α

∣
∣
∣
∣

×

(

h

(
u − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − u

b − a

) ∣
∣f ′(a)

∣
∣
)

du.

From the above, we have
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|Rx(f)| ≤
∫ x

a

∣
∣
∣
∣
(b − a)α + (u − a)α − (b − u)α

2(b − a)α

∣
∣
∣
∣

×

(

h

(
u − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − u

b − a

) ∣
∣f ′(a)

∣
∣
)

du

+
∫ b

x

∣
∣
∣
∣
(b − a)α + (b − u)α − (u − a)α

2(b − a)α

∣
∣
∣
∣

×

(

h

(
u − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − u

b − a

) ∣
∣f ′(a)

∣
∣
)

du

≤
∫ b

a

(

h

(
u − a

b − a

) ∣
∣f ′(b)

∣
∣+ h

(
b − u

b − a

) ∣
∣f ′(a)

∣
∣
)

×

[

σ(x − u)
(b − a)α + (u − a)α − (b − u)α

2(b − a)α

+σ(u − x)
(b − a)α + (b − u)α − (u − a)α

2(b − a)α

]

.

The proof is complete.

Remark 4.2 For α = 1, the functional A(f) is

A(f) =
1

b − a

∫ ψ−1(b)

ψ−1(a)
ψ′(t) (f ◦ ψ) (t)dt =

1
b − a

∫ b

a
f(t)dt

and the inequality (4.4) is the Ostrowski inequality.

In the following we consider ψ : [a, b] → [0, 1] an increasing function,
ψ ∈ C1[a, b] and we denote by Fψ the following set

Fψ =
{
f : [ψ(a), ψ(b)] → R, f ∈ C1[ψ(a), ψ(b)]

}
.

Let us consider the linear functional B : Fψ → R defined by B(f) = A(f(ψ)),
where A is a linear functional such that A(e0) = 1.
Let x ∈ (a, b) be a fixed point. The functional R : Fψ → R defined by

R(f) = f(ψ(x)) − B(f)
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is a linear functional and R(e0) = 0. By the Peano’s theorem we have

R(f) =
∫ ψ(b)

ψ(a)
R (σ(∙ − u)) f ′(u)du(4.5)

=
∫ ψ(b)

ψ(a)
[σ (ψ(x) − u) − A (σ (ψ(x) − u))] f ′(u)du.

If we put
u − ψ(a)

ψ(b) − ψ(a)
= ψ(t),

then (4.5) becomes

R(f) = (ψ(b) − ψ(a))
∫ 1

0
[σ (ψ(x) − ψ(t)ψ(b) − (1 − ψ(t))ψ(a))

− A (σ (ψ(x) − ψ(t)ψ(b) − (1 − ψ(t))ψ(a)))]

×f ′ (ψ(t)ψ(b) + (1 − ψ(t))ψ(a)) dt.

Let we suppose that |f ′| is h-convex function. Then from the above we
obtain

|R(f)| ≤ (ψ(b) − ψ(a))
∫ 1

0
|σ (ψ(x) − ψ(t)ψ(b) − (1 − ψ(t))ψ(a))

− A (σ (ψ(x) − ψ(t)ψ(b) − (1 − ψ(t))ψ(a)))|

×
(∣∣f ′(ψ(b))

∣
∣h(ψ(t)) +

∣
∣f ′(ψ(a))

∣
∣h(1 − ψ(t))

)
ψ′(t)dt.

So, we have

|R(f)| ≤
∫ ψ(b)

ψ(a)
|σ (ψ(x) − u) − A (σ (ψ(x) − u))|(4.6)

×

[∣
∣f ′ (ψ(a))

∣
∣h

(
ψ(b) − u

ψ(b) − ψ(a)

)

+
∣
∣f ′ (ψ(b))

∣
∣h

(
u − ψ(a)

ψ(b) − ψ(a)

)]

du,

where we used ψ(a) + ψ(t) (ψ(b) − ψ(a)) = u.
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Let us consider the following linear positive functional:

B(f) =
Γ(α + 1)

2

[
Iα:ψ
x− (f ◦ ψ)(a)

(ψ(x) − ψ(a))α +
Iα:ψ
x+ (f ◦ ψ)(b)

(ψ(b) − ψ(x))α

]

.

We remark that B(e0) = 1 and so the functional R(f) = f (ψ(x))−B(f) has
the degree of exactness 0. In the following we compute Iα:ψ

x− (σ(ψ − u)) (a)

and Iα:ψ
x+ (σ(ψ − u)) (b).

We have

Iα:ψ
x− (σ(ψ − u)) (a) =

1
Γ(α)

∫ x

a
ψ′(t) (ψ(t) − ψ(a))α−1 σ (ψ(t) − u) dt

=
1

Γ(α)

∫ ψ−1(u)

a
ψ′(t) (ψ(t) − ψ(a))α−1 σ (ψ(t) − u) dt

+
1

Γ(α)

∫ x

ψ−1(u)
ψ′(t) (ψ(t) − ψ(a))α−1 σ (ψ(t) − u) dt

=
1

Γ(α)

∫ x

ψ−1(u)
ψ′(t) (ψ(t) − ψ(a))α−1 dt

=
1

Γ(α)
(ψ(x) − ψ(a))α − (u − ψ(a))α

α
,

where

σ(ψ(t) − u) =

{
0, if t < ψ−1(u)

1, if t ≥ ψ−1(u).

So, we have

(4.7) Iα:ψ
x− (σ(ψ − u)) (a) =






(ψ(x)−ψ(a))α−(u−ψ(a))α

Γ(α+1) , if u ≤ ψ(x)

0, if u > ψ(x)
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Iα:ψ
x+ (σ(ψ − u)) (b) =

1
Γ(α)

∫ b

x
ψ′(t) (ψ(b) − ψ(t))α−1 σ (ψ(t) − u) dt

=
1

Γ(α)

∫ ψ−1(u)

x
ψ′(t) (ψ(b) − ψ(t))α−1 σ (ψ(t) − u) dt

+
1

Γ(α)

∫ b

ψ−1(u)
ψ′(t) (ψ(b) − ψ(t))α−1 σ (ψ(t) − u) dt

=
1

Γ(α)

∫ b

ψ−1(u)
ψ′(t) (ψ(b) − ψ(t))α−1 dt =

(ψ(b) − u)α

Γ(α + 1)
,

if u > ψ(x).

If u ≤ ψ(x), then we have

Iα:ψ
x+ (σ(ψ − u)) (b) =

1
Γ(α)

∫ b

x
ψ′(t) (ψ(b) − ψ(t))α−1 σ (ψ(t) − u) dt

=
(ψ(b) − ψ(x))α

Γ(α + 1)
.

So, we have

(4.8) Iα:ψ
x+ (σ(ψ − u)) (b) =






(ψ(b)−ψ(x))α

Γ(α+1) , if u ≤ ψ(x)

(ψ(b)−u)α

Γ(α+1) , if u > ψ(x)

Using (4.7) and (4.8), we obtain

B (σ(∙ − u)) =
Γ(α + 1)

2
(4.9)

×

[
Iα:ψ
x− (σ(ψ − u)) (a)

(ψ(x) − ψ(a))α +
Iα:ψ
x+ (σ(ψ − u)) (b)

(ψ(b) − ψ(x))α

]

=
1
2

[

1 −
(u − ψ(a))α

(ψ(x) − ψ(a))α + σ (u − ψ(x))
(ψ(b) − u)α

(ψ(b) − ψ(x))α + σ (ψ(x) − u)

]

.
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From the relations (4.6) and (4.9) we obtain the following inequality.

Theorem 4.2 Let f : [a, b] → R be a differentiable mapping such that f ′ ∈
L1[a, b]. If |f ′| is h-convex function on (a, b), then the following inequality
holds

∣
∣
∣
∣
∣
f (ψ(x)) −

Γ(α + 1)
2

[
Iα:ψ
x− (f ◦ ψ) (a)

(ψ(x) − ψ(a))α +
Iα:ψ
x+ (f ◦ ψ) (b)

(ψ(b) − ψ(x))α

]∣∣
∣
∣
∣

≤
1
2

{∫ ψ(x)

ψ(a)

(u − ψ(a))α

(ψ(x) − ψ(a))α

[

h

(
ψ(b) − u

ψ(b) − ψ(a)

)

+ h

(
u − ψ(a)

ψ(b) − ψ(a)

)]

du

+
∫ ψ(b)

ψ(x)

(

1 +
(ψ(b) − u)α

(ψ(b) − ψ(x))α

)

×

[

h

(
ψ(b) − u

ψ(b) − ψ(a)

)

+ h

(
u − ψ(a)

ψ(b) − ψ(a)

)]

du

}

∙
∣
∣
∣
∣f ′
∣
∣
∣
∣
∞ .
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[9] S. Varošanec. On h-convexity, J. Math. Anal. Appl., 2007.


