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Jackson operators
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ABSTRACT. For some Jackson-Matsuoka operators quantitative Voronovskaya type
theorems are presented.
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1 Introduction

In recent times there have been some interests in studying quantitative
Voronovskaya-type theorems, but almost all the papers concern with positive
linear operators in spaces of non-periodic functions. The methods used in
those papers are not useful in dealing with periodic functions for two reasons
(at least). First they use different kinds of Taylor’s formula and second, in
the non-periodical case do not appear conjugate functions.
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22 VORONOVSKAYA-TYPE THEOREMS

It is known that the Voronovskaya-type theorems are related with
the saturation class of some families of operators. We have noticed
that in the case of trigonometric polynomial approximation process
the Voronovskaya-type theorems depend on particular properties of the
operators.  In this paper we consider the Jackson operators (other
approximation methods will be studied in forthcoming papers).

Let Cs; denote the Banach space of all 27-periodic, continuous functions
f defined on the real line R with the sup norm

[flloo = max \f( )|
z€[—

For 1 < p < oo, the Banach space P consists of all 27-periodic, p-th
power Lebesgue integrable functions f on R with the norm

110 = (55 [ 1@ P )™

™

In order to simplify we write XP = ILP for 1 < p < oo and X*° = (.
by W, we mean the family of all functions f € X? such that f,..., D™(f)
are absolutely continuous and D"(f) € XP. Here D(f) = D*(f) = f' and
D"+(f) = D(D"(f)).

Recall that for f € L' and k € Ny, the Fourier coefficients are defined
by

1 (7 1 (7 .
ar(f) == f(t)cos(kt)dt and bi(f)=— f(t)sin(kt)dt,

™ ) _x -7

and the (formal) Fourier series is given by
oo
f(z) —I-Z ) cos(kx) + bi(f) sin(kx)) ZAk
k=1

For r € N, a function f € X? and h > 0, the usual modulus of continuity
smoothness of order r of f is defined by

(1.1) wr(fit)p = \ilﬂft (I =Th)"()lp,
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where Tj,(f,x)

= f(z + h) is the translation operator. We also use the
notations A} f(z) =
h

(L =Tn)"(f)-
For r,n € N, z € R, and f € X', the Jackson-Matsuoka operator is
defined by

™

(1.2) Donn(fo) = % F@ 4 )T r (1),

—T

where

1= (R

and 7n—, is chosen from the condition

r(n—1)

1 /sin(nt/2)\2r 1
%n_r< sin(t/2) ) =57 Z Fokn,r COS(KE).
k=1

The main purpose of the paper is to present quantitative
Voronovskaya-type theorem for the operators Js,_2 and J3,_3. These tasks
will be accomplished in Section 3. In Section 2 we collect some known facts
and present a general result for trigonometric polynomial positive linear
operators (see Theorem 1).

2 General results for positive polynomials

The convolution of two functions f and ¢ in L', ¢ an even function, is
defined by

™

(e = 1 [ fa+ g =1 ["(a+0+ 1z =)t

—TT
The main result of this section is Theorem 2.1 below.
In this section we fix a kernel
n
(2.1) Qn(z) ==+ Z Ak cos(kx) >0,
k=1

N =
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The algebraic moment of order 2 is defined by

(2.2) Ma(Qy) = %/ﬂ V2O (v)d.

0

The estimate in Proposition 2.1 appeared in different places (see [5,
Lemma 1] and [4, Lemma 1.5.7]).

Proposition 2.1 If Q,, is given by (2.1), then
2

2(1 - )\l,n) S MQ(Qn) S 7(1 - )\l,n)

and A )
Mi(Qn) < % (201 = 01) = 5(1 = 220))-

The following proposition seen to be known, we include a proof for the
benefit of the reader.

Proposition 2.2 Assume 1 < p < co. Let Qy(t) be given by (2.1) and set
K,(f)=(*Qn). Ifge WZ?, then

2
T
lg = Kn(9)llp < 5 (1= An)ID*(9)l

Proof. Since @, is an even function

Kulf) = f@) = Kufoo)= 2 [ o

- l/oﬂ (f(x+t)—2f(x)+f($*t))Qn(t)dta

™

If we set A2g(z) = g(x+t)—2g(x)+g(z—t), using the generalized Minkowski
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inequality we obtain

1 4 1 ™ » 1/p
lo-Ku@ly <+ [ Qut(5z [ 1A% 1) i
< 1Dy [ PQun = @)1 D o)l

7'('2

< 7(1 - )\l,n)HD2(g)HP

where we use Proposition 2.1. O

Theorem 2.1 Assume 1l < p < oo, and the sequence {Q,} is given by (2.1).
If K,,(f) = f % Qn, then for each g € Wg one has

HKn(g)—g_D2(9)H - (14 ™ y_ L=
An 2 p - 8\/5\ /1 — )‘Ln 1- )‘l,n
X w1 <D2(g), \/ 1-— )\Ln)p,

where Ay, = Ma(Qy,) is the algebraic moment defined by (2.2).

Proof. We present a proof for the L) spaces, 1 < p < oc.
For z,v € [—m, | set

_ X[az,m+v](3)7 v >0,
@x,v(s) { X[a:Jrv,z](s)y v <0,

where x 4(s) is the characteristic function of the set A.
Since

gz +v)

T+v
g(x) + D (g, x)v + / (z +v —s5)D?(g, s)ds,

[ v = 2 [Muauwans 2 [Toeu-ode o

- T

because @), is an even trigonometric polynomial, and

T+v U2
/ (x+v—s8)ds=—,
- 2
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one has

™ 2 T ™
[ sto+v@uwi - gw) - 2D [ 2,000

,02
| (s +0) = o) - D2(9.0) % ) @u(wio

/IJFU(:U +v+5)D%(g,s) — D*(g,z)(z +v + s)ds) Qn(v)dv

T

/IJFU(m +v+ s)(DZ(g, s) — Dz(g, x))ds) Qn(v)dv

T

Nl A= A= 3= A= 3

/7; </m+v(:c + v+ 8)(D*(g,s) — Dz(ng))dS)Qn(v)dv

T

sign(v) /_ "0, () 0+ XD(g.5) ~ DX(g.2))ds ) Qu(v)d.

S| -

:.‘\

Therefore

P

1
dzx

s 2 T s
—/_ g(z +v)Qp(v)dv — g(x) — M/_ UQQn(v)dv

/_W T 27
<[
If

F(z,v) = /7;

it follows from the generalized Minkowski inequality that

Ou.0(8)(x 4+ v — 5)(D?(g,8)—D?(g, :Jc))‘ds) Qn(v)dv ]Zi:r.

Ora(s)(x +v = 5)(D*(g.5) = DX(g.))|ds.

1/p

w156, = £~ (o207l < [ @) (3 [ par) o

_ /0 "0n(v) <<% /_ :rr(F(az,v))pcm) " (% /_ Z(F(x, v))de> 1/p>dv.
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But, if 0 < v < 7, we use again the generalized Minkowski inequality to

obtain

1/p
pdx)

(+v—s) (D2(g, 5) — D2(g,x))ds(>pdx>

1/p

/0
=0
o L[

)(D2(g, z +w) — D?(g, x))dw‘)p dm) v

2

3

1/p
< / ( / |D2(g,x—|—w) D2 (g9, }pdx) dw
0 T
< / w)wi (9", w)pdw = %v w1(D?(g),v)p-
0

A similar inequality follows if —m < v < 0. Therefore, taking into
account (2.2), and Proposition 2.1, we obtain

I1Kn(f) = f = (Mn/2)D* ()]l < =/ Qn(v)v*w1(D?((g), v)pdv
< wi (DQ(g), V1— Al’")p % OW Qn(v)02 (1 + — )\l,n> dv
< wy (DQ(Q), v1i-= )\l,n)p<An + ﬁ\/M2 Qn M4(Qn))

), (4 5 (200 - 50 - ))
D2(9)» M)p (An + ﬁ(j—\/? 4 — 1 : ijZ)

AN
&
)
(Y]
S
—
|
g
s
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We have proved that

HAin (Kn(g) - g) - %DQ(Q)' ’p

7T3 1_)\1,11 1_)\271 2
< <1+4\/§ o 4- 1_&”)&;1 (D (g),\/l—)\lm)p

1— 2o

3 1
< |1 4 — D? 1=\, . O
< ( W e 1—A1,n>w1< (9), v/ 1, )p

Remark 2.1 For a sequence {Q@,} of even positive trigonometric
polynomials, Theorem 2.1 is interesting only in the case A, — 1 asn — oo
and

1— Aoy
(2.3) sup 2

1
4 — < 00
neN 1/ 1-—- )\l,n 1— Al,n

3 Voronoskaya-type theorems

For the operators Ja,_2 some Voronovskaya type relations are known.
For instance, Korovkin [7] proved that

Tim [120%(Jen-2(f) = f) = 3D*(f)lloe = 0.

On the other hand, if f € Co, and D?(f,z) exists as a point z, then

lim (n+ 1) (Ton_a(f,2) — £(2)) = SD*(f, ).

n—oo 2
(see [8, page 134] and [2, Theorem 6.2]) and if f € WI?, 1 < p < oo, then

3
2

n—o0

(3.1 lim |[n?(Jou-2(f) = £) = SD%()|| =0,

P
(see [3, page 387)).

Point-wise Voronovskaya-type theorems for the Jackson-Matsuoka
operators J,.,_, were provided by Schurer [11, Theorem 22] for f € C3_



JORGE BUSTAMANTE AND LAZARO FLORES-DE-JESUS 29

and Rathore [10, Lemma 3] (not in a quantitative form). For XP? spaces
there are less exact estimates in [6, page 160]. For the general case a result
was given by Matsuoka in [9)].

In this section we prove quantitative Voronovskya type theorems for the
operators Js,—2 and Js,—3. In particular we show, with other arguments,
that the assertion (3.1) can improved. In studying both operators some
differences appear. In order to explain it in a clear form, let us recall some
known facts.

Proposition 3.1 (see [12, Theorem 1)) For each n > 3, there exists reals
Ok, 1 <k <2n—2 such that

2n—2

1 /sin(nt/2) )4 1
- = -+ k. cos(kt),
72”_2( sin(t/2) 2 ; Orn 008 (kt)
In particular
1 3 3 3(4n — 3)
Yo 2@2n3 +n) O o210 @ n(2n? + 1)

It follows from the previous proposition that for the operator Jo,_o one
has

1 ( 1—927n>_(2n2+1)
1- Ql,n 3(1 — O1.n 3
Hence, the condition in equation (2.3) does not holds and Theorem 2.1 is
not useful in this case.

Let T,, denotes the family of all real trigonometric polynomials. For a
polynomial T'(z) = ag/2 + Y__; (ay cos(kx) + by sin(kx), we set

3
-

n

T(x) =Y (b cos(kz) — aysin(kz).
k=1

For n € N and f € X! the Fejér sum of order n is defined by

nfo0) =3 (1= Y aura).

prrd n+1
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Notice that, if T € T,,, then

D(T)
n+1

(3.2) T — 0,(T) =

For 1 < p < oo and f € XP, the best approximation of f by elements of
T,, is defined by

Ealf)p = jnf IIf =Tl

The proof of the following result will appear in [1].

Theorem 3.1 Assume 1 <p <oo, r,n €N and n > max{2,r}.
(i) If g € Wy, T €Ty, and lg —T|lp = Enplg), then

1D7(g) ~ D"(T)lp < (44 + () (14 T ) By (9)).

We will use Theorem 3.1 in the particular case r = 2. In order to simplify
the assertion a bigger constant is convenient. That is

(g —|—ln4) (1 + %”) < (5.9) (5.27) < 31.05.

Theorem 3.2 Assume 1 <p<oo. If f € Wg and n € N, n > 3, then
1202+ 1)(Izn-s(f) — ) = 3D(f)llp < 4Bnp(F) + (219 + 4772 B, o (D¥(g))

+2[[(1 = on)(N)llp + 21T = o) (D*(H)lp,

where o, is the Fejér operator.

Proof. For each n € N, chose T' € T,, such that E, ,(f) = ||f — Tllp,
Notice that

(2 + 1)(Izn-2(f) = f) = 3D*(f) = (2% + 1) (Jan-a(T) — T) = 3D*(f)
+(2n% +1) (Jan-2(f = T) = (f = T)) +3(D(T) = D*(f)).

We will estimate each term separately.
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It can be proved that, for each n € N and T" € T,, one has

3 3 ~ 3 ~
n—o(T)—T — D} (T)= —————DYT)+ —————D3T).
Ton—2(T) gyl @) 2n(2n2 + 1) ( )+2n(2n2—|—1) (T)
Taking into account (3.2) we can write
Jon_o(T) =T — 5 D*(T)
" n?+1
3(n+1)(e, — I)(T) 3(n+1) 9
I —0,)(DXT)),
2n(2n? + 1) 2n(2n? + 1)( on)(D(T))
where o, is de Fejér operator.
If n > 3, then
3 1
S(1+o) <2
(1
Hence

1202 +1)Fan2(T)~T) =3DA(T) | <2[(0n — IXT)|p + 2T =) (DAT))p
< AT = fllp + 2000 — Dl + 21U = o)D), + DT ~ £,
<4, (f) + 20 (00 — D)l + 2T = 00)(D*(N)]lp +125E, o(D(f)-

On the other hand, since f — T € W]?, as a direct consequence of
Proposition 2.2 (recall that g1, = 1 —3/(2n? + 1)) we know that

7'('2
@0% + V)| Tanea(f —T) = (f = T)lp < 2 |D2(f — T,

2
32

< (31.05) Enp(D*(f)) < 46.77%E, ,(D?(f)),

where we use again Theorem 3.1.

The term 3(D?(T) — D?(f)) can also be estimate as in Theorem 3.1.
That is

IB(D*(T) = D*(f)lp < 3 x (31.05) Bnp(D*(f)) < 94Ey,(D*(f)).
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In conclusion we have proved that

1(20% + 1) (Bzn—2(F) = ) =3D*(f)lp < 4By () +(219 + 4772) B, (D(9))
F2(L = 0) ()l + 21T = o)D), 0

We use Proposition 3.2 to derive a Voronoskaya type theorem for the
operators Js,_3 via Theorem 2.1.

Proposition 3.2 (see [12, Theorem 1]|) For each n > 3, there exists reals
Gk, 1 <k < 3n — 3 such that

3(n—1)

1 (sin(nt/2))6 1
: =5+ Qk,n cos(kt).
Y3n—3 \ sin(t/2) 2 kzzl n cos(kt)
Moreover
n(11n* + 5n? + 4)
V3n—-3 = )
10
n(n? +1) 20(2n? — 1)

-1-— "7 d =1-—F
dn yams ¢ B 9t + 512 + 4

Proposition 3.3 Let gy, be the coefficients given in Proposition 3.2. For
each n € N, one has

1 1-— 27
<4—ﬂ)§— and 1—q17n§—2.
1 —qin 1 —dqin ) n

Proof. For the representation of the convergence factors qi, and g2,
one has

1 (4 1—q2,n) B 9n4+5n2+4< 2n(2n2—1))
1—qin 1—qin o 10(n? +1) n(n? +1)
_ 6(9n* 450 +4 <§
- 10(m2+1)2 T 5
and
nn?+1 10n(n? +1 10(n% +1 10
1l—qgin3= ( ) _ ( ) < ( ):—.D

Y-z  n(nt+5n2+4) = nt+4n2 n?
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Theorem 3.3 Assume 1 < p < oo and J3,_3 is the Jackson-Matsuoka
operator (1.2). For each g € W one has

L (Bauale) — ) — 30%9)|| < 6wr(D?(g). L0
A, 2

p

where Ay, = Ma(J3,—3) see (2.2).

Proof. Tt follows from Theorem 2.1 and Proposition 3.3. OJ
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